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ABSTRACT
In this thesis we present theoretical investigations of the effects of Andreev bound
states on the current transport in superconducting interferometers. We also inves-
tigate the slow dynamics of the Andreev states in a superconducting point contact,
and the possible application as a quantum bit.
We consider superconductor-normal metal-superconductor (SNS) and normal
metal- superconductor (NS) interferometers, where the contact region is a Y-shaped
normal metal wave guide, and the two connection points to the same superconduct-
ing electrode can have different phases. The electric current in the interferometer is
calculated as a function of the applied voltage and the phase difference
 
. Andreev
reflection in SNS and NS interferometers incorporates two features: interference in
the arms of the Y-shaped normal region, and interplay with Andreev resonances.
The latter feature yields rich phase dependent current structures in the subgap volt-
age region. The interference effect leads to a suppression of the current structures
at
 
.
We investigate the effects on the Josephson current in NS interferometers due to
current injection from the normal electrode. The two main effects of the nonequi-
librium situation are: nonequilibrium population of the Andreev levels, which can
result in enhancement, suppression, or even sign reversal of the Josephson current,
and an anomalous interference Josephson effect, which gives rise to a long range
Josephson effect, increasing with the voltage  up to the superconducting gap  .
The two Andreev states in a superconducting quantum point contact can be accessed
for manipulation and measurement by embedding the point contact in a supercon-
ducting loop. We calculate an effective Hamiltonian for the slow dynamics of the
Andreev two-level system in the ring. Furthermore, we discuss methods of ma-
nipulation of the Andreev levels, and coupling of qubits. The state of the Andreev
two-level system can be read out by monitoring the macroscopic quantum tunneling
in a current biased Josephson junction, which is embedded in the superconducting
ring of the qubit. We discuss the effects on the qubit, the readout scheme and the
signal-to-noise ratio.
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CHAPTER 1
INTRODUCTION
Late in Camp 3, just below 6000m, on Ruta Suecia following the south west ridgeon Aconcagua [1], 8 Jan 2001. We have just had our dinner (fillet of beef with
Swedish mushroom sauce and pasta) and melted snow for the next day. There is no
wind and it is absolutely quiet. The camp is placed at the col between cerro Piramidal
and the great pillars. We have big walls on both sides. The east side is vertical and
part of the well-known south wall, of which we from the camp cite only see the upper
half. It looks cold, with blue-white snowfields and dark sandstone. The mountain
forms a half circle, like an amphitheatre, around the dirty Glacier Francia and we are
slowly climbing higher and higher on its western spur. Anders is sitting in the tent,
listening to Chilean pop music on his am-receiver, while I am walking around waiting
for the sunset in the Pacific Ocean and trying to get some nice pictures in the fading
sunlight. The air is cold and dry. It is thin, but only in a good sense; clean and easy
to breath. While the sun is fading through stripes of distant clouds, the shadows of
the surrounding mountains are rising, creating strange visual effects on the sky. In the
west are the youngest mountains, rocky peaks of which several are over 6000m high.
When I look further to the east these jagged peaks turn into smooth sand hills, like a
high altitude desert. In the far east, I can imagine the Pampas. Behind me is the is
the great (nameless) pillar, a monolith in wind-polished sandstone, over two hundred
meters high and probably never climbed. Tomorrow morning we will pack our stuff
and climb an easy pitch to its base. Then we follow a ledge around it to find the way
further up the mountain. Above the great pillar, there is still alpenglow on the south
summit of Aconcagua, a sharp white edge.
1.1 MESOSCOPIC SUPERCONDUCTING JUNCTIONS
Mesoscopic physics concerns systems where the number of atoms is large, readmacroscopic, but nevertheless the amplitude of the quantum mechanical fluctua-
tions of some measurable quantity is comparable with its average, and the system can-
not be treated classically. Hence, mesoscopic physics can be interpreted as the physics
in the intermediate zone between quantum mechanics and Newtonian mechanics.
This thesis concerns electronic properties of simple superconducting circuits and,
1
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in particular, different types of mesoscopic junctions between superconducting elec-
trodes. These junctions can be of several types, having considerably different prop-
erties. The simplest type is the tunnel junction, or SIS junction (Superconductor-
Insulator-Superconductor), where a tunnel barrier, usually a thin oxide layer, separates
the superconducting electrodes. More complex is the family of SNS junctions, where N
stands for Normal metal, i.e. a non-superconducting region. One may distinguish two
main types of SNS junctions: junctions with a low concentration of impurities, where
the transport is essentially ballistic and coherent, and junctions where the transport is
diffusive. Metal or semiconductor junctions are usually diffusive. However, recent
progress the semiconductor technology has made it possible to create essentially bal-
listic SNS junctions. We focus on this latter type of SNS junctions, and generally on
junctions where the transport is coherent.
The theoretical story of superconducting junctions starts in 1957, when Bardeen,
Cooper and Schieffer (BCS) presented their microscopic theory of superconductivity
[2]. In early models of tunnel junctions a tunnel Hamiltonian was used to couple the
two superconducting electrodes. This model was successfully applied by Cohen et
al. [3] to calculate the dissipative current in voltage biased junctions. The most famous
work was done by Josephson [4], who predicted a non-dissipative current in tunnel
junctions, the Josephson effect.
When it comes to voltage biased junctions the tunnel Hamiltonian approach works
well to calculate the lowest order process, single electron tunneling. This yields a
current-voltage characteristics with zero dc-current at subgap voltages, 

 ,
where  is the modulus of the superconducting order parameter. However, a finite dc-
current onset at 

 was indeed seen in experiments by Taylor and Burstein in
1962 [5]. A few years later current structures at even lower voltages,    

ﬀﬁﬃﬂﬁ !" , where found [6, 7]. This subharmonic gap structure could not be explained
by the simple tunnel Hamiltonian approach, which yields unphysical results for higher
order processes (multi-particle tunneling) [8] due to the divergence of the BCS-density
of states at the edges of the superconducting gap.
In 1963, de Gennes presented an equation of motion for quasiparticles in the su-
perconducting state, today referred to as the Bogoliubov-de Gennes (BdG) equation
[9, 10]. One year later Andreev, using arguments similar to the BdG-equation, sug-
gested a new effect at the boundary between the normal and the superconducting
state [11], later on referred to as Andreev reflection. The idea is that an electron, which
is sent towards the surface of a superconductor, can be reflected as a hole. The con-
servation of current implies that two electron charges are transmitted into the super-
conductor during this process, which can be interpreted as that one Cooper pair [12] is
added to the superconductor. The opposite process is also possible: An incoming hole
is reflected as an electron, whereas a Cooper pair is emitted from the superconductor.
In 1970 the Josephson effect in transparent SNS junctions was predicted by Kulik [13]
and explained by coherent consequent Andreev reflections at the opposite NS inter-
faces. Generally, Andreev reflection is an important mechanism of current transport
through NS interfaces, and a central concept in this thesis.
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In the early works on the Josephson effect [13,14] an approach based on expansion
over eigenstates of the BdG-equation was used. During the same period of years,
several authors applied the Green’s function technique to investigate the Josephson
effect in SNS junctions [15, 16]. The Josephson effect in transparent constrictions, or
ScS-junctions, was calculated in 1977 by Kulik and Omel’yanchuk [17], and in 1979
Artmenko et al. [18] extended this theory to voltage biased constrictions. A review of
the Green’s function techniques can be found in Ref. [19]
The theory for constrictions is consistent with the Landauer approach [20], widely
used in the mesoscopic theory of normal junctions. The Landauer approach was ap-
plied to voltage-biased superconducting junctions for the first time in 1982 by Blonder
et al. [21], who considered transport through a SIN-interface as a coherent scattering
problem. This new approach was essentially to match solutions to the BdG-equation
at the interface, in order to calculate scattering states for particles incoming from both
directions. Knowing the probability current associated with the scattering states, it is
straightforward to calculate the electrical current. Generally, the quantum mechani-
cal BdG-Landauer approach is adequate for mesoscopic junctions, whose properties
are dominated by coherent electron dynamics. The quantization of transverse elec-
tron modes in mesoscopic junctions also makes one-dimensional models appropri-
ate [22,23].
In 1982, Klapwijk et al. introduced the idea of multiple Andreev reflections (MAR)
as the mechanism behind the ac-Josephson effect in voltage biased transparent SNS
junctions [24]. The following year the theory was generalized to arbitrary transparency
by Octavio et al. [25]. However, in these early papers about MAR the authors consid-
ered only incoherent transport in the normal region.
In the early 90:s several groups successfully calculated the dc-Josephson current
in different kinds of mesoscopic weak links, using the quantum mechanical approach,
[26–32]. It was shown that the bound Andreev states play an important role for the
current transport in any kinds of superconducting junctions.
An important step was taken when the current-voltage characteristics for point con-
tacts with arbitrary transparency was calculated, using the quantum mechanical ap-
proach and the Green’s function approach [33–37]. The dc-part of the current in such
junctions exhibits a staircase-like subharmonic gap structure with conductance peaks
in the low voltage region ( # ), at   $%&   ﬀ'ﬀﬂﬁ !" These current
structures are explained by coherent MAR. The same subharmonic gap structure exists
in tunnel junctions. However, in this case the subharmonic gap structure is suppressed;
at small transparency (*)  the amplitudes of the subharmonic structures decrease
with the transparency as (,+
New fabrication techniques
The study of quantum junctions has attracted interest during the recent years, due to the
developments in fabrication techniques. A very useful method to reach the quantum
transport regime was developed in the beginning of the 90:s; the break junction tech-
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nique [38–42]. The idea is to mechanically break a wire, in order to create a narrow
constriction. Just before the wire breaks completely, the two electrodes can be linked
only by a single atom, or even a chain of atoms [43]. Depending on the type of atoms
in the point contact one may achieve a very low number of conducting modes, down
to a single mode - a quantum point contact. It has been shown that the theory of coher-
ent MAR in point contacts agrees with the experimental current-voltage characteristics
with astonishing accuracy [44]. More recently, Koops et al. [45] have measured the
non-sinusoidal current-phase relation of a nearly transparent point contact, in good
agreement with the theoretical predictions [26–32]. The experiment was performed
with a rf-SQUID-like setup, a superconducting loop with a point contact, where the
induced flux through the loop was measured as a function of the applied external flux.
Furthermore, transparent normal regions have been fabricated with ballistic 2D-
electron gas in a multi-layer semiconductor structure. With normal regions made with
such 2D-electron gas, the mean free path of the electrons can reach several microme-
ters. The transport can be restricted to a small number of conducting electronic modes
by using etched normal regions or by depositing electrostatic gates [26,46]. Due to the
large wavelength of the electrons in the 2D system (of the order of  - /. ) it is possi-
ble to create wave guides for the electrons with a low number of conducting channels.
Hence, a finite length of the junction can be combined with the quantum transport
regime.
SN and SNS interferometers
An interesting application based on mesoscopic SNS junctions is Andreev interferom-
etry [47–49]. Essentially, an Andreev or NS interferometer consists of a three terminal
device with two equipotential superconducting electrodes, having different supercon-
ducting phases, and one voltage biased normal electrode. The three electrodes are
connected through an Y-shaped normal beam splitter (See Fig. 3.1). The central phe-
nomenon in the NS interferometer is the phase dependence of the current in the normal
electrode, due to interference effects on the Andreev transport through the double SN
interface. Total suppression of Andreev reflection occurs when the phase difference is
equal to

. If the two superconducting electrodes are connected to a superconducting
ring, this phase difference can be controlled by means of the external magnetic flux
through the ring. Flux-sensitive NS interferometers has been studied experimentally
by several groups, see Refs. [50,51].
An alternative setup is to replace the normal injection electrode with a third super-
conducting electrode, which gives an Y-shaped SNS junction or an SNS interferome-
ter (see Fig. 3.6). Recently, Kutchinsky et al. discovered phase dependence of current
structures at subgap voltages in diffusive SNS interferometers [52–55]. Although at
present day no experiments have been performed with ballistic interferometers, one
can generally expect even more pronounced phase dependent interference and reso-
nant effects using junctions dominated by ballistic transport and preferably also in the
quantum transport regime.
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The effects of resonances associated with Andreev states in quantum SN and SNS
interferometers are studied in Papers I-III. Paper I discusses NS interferometers while
Paper III, and part of Paper II, is devoted to the phase dependent subharmonic gap
structure in voltage biased SNS interferometers.
Nonequilibrium Josephson effect
It is generally accepted that bound Andreev states play an important role for the elec-
tronic transport in mesoscopic SNS junctions [14]. Each transport mode in a SNS
junction is associated with a number of Andreev levels, which depends on the effective
length 0 of the normal region roughly as 1325476 0 . Short junctions, on the scale of
the superconducting coherence length 4ﬀ6
98:<;>=
 , host only one pair of levels, while
the number of levels in long junctions may be large. The Josephson current in long
junctions decays exponentially with increased length [13, 16], which is due to the fact
that the Andreev levels carry current in alternate directions and therefore tend to cancel
out each others current contributions pairwise [56]. This cancellation depends on the
population of the Andreev levels, which in equilibrium is the Fermi distribution. By
using the interferometer setup, and injecting electrons into the normal region from the
probe, it is possible to create a nonequilibrium population of the Andreev levels and
hence to modify the Josephson current.
In Paper I we give a detailed description of the nonequilibrium Josephson effect in
quantum 3- and 4-terminal devices, i.e. quantum SNS junctions with one or two probes
attached to the normal region. The focus is put on the anomalous Josephson current
[57]. The origin of this effect is an asymmetry between the nonequilibrium Josephson
current produced by injected electrons and injected holes. The anomalous current does
not depend on the length of the normal region and can be of the order of the equilibrium
current in a point contact, even if the junction is long and the equilibrium current is
exponentially small.
1.2 QUANTUM ELECTRONICS
In 1986 Leggett [58] suggested that a macroscopic quantum two-level system could
be achieved using a superconducting ring with a tunnel junction, i.e. an rf-SQUID.
His idea was that a hysteretic rf-SQUID biased at a half flux quantum, ? 6  , where
?
6
@8:
A , should fluctuate quantum mechanically between two states with persis-
tent currents in opposite directions, required that the charging energy of the junction is
sufficiently small, BDC
FE
G>HJI7AK . The device was suggested as a tool for studying
macroscopic quantum mechanics, and also the role of dissipation [59]. If the two-level
system is well separated from higher energy levels, the system can be seen as an arti-
ficial spin-1/2 particle in an effective magnetic field, which depends on the electronic
properties of the device and the external flux. In order to measure the spin-state of
such a device a quantum measurement is needed, i.e. the meter should have sufficient
accuracy to distinguish the two states from each other. Leggett’s suggestion was to
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use a dc-SQUID, inductively coupled to the rf-SQUID, to measure the induced flux
by the rf-SQUID. The amplitude of the signal from the rf-SQUID is of the order of a
flux-quantum. Generally, the coherence in mesoscopic two-level systems is extremely
sensitive to environmental noise. The hysteretic rf-SQUID is unfortunately strongly
coupled to noise in the external flux, due to the large inductance. This is probably the
reason why the early attempts to observe the effect have failed. However, promising
experiments has recently been reported by Friedman et al. [60].
The idea of quantum computing L has brought back Leggett’s two-level system to
the limelight. The basic building block in a quantum computer is the qubit, or QUan-
tum BIT, which is a quantum two-level system. The qubit corresponds to the ordinary
bit in classical computers, but there are some important differences. The state of the
qubit can take any superposition of  and - , compared to the discrete values of the or-
dinary bit. Moreover, this superposition is coherent which implies an additional degree
of freedom; the phase difference between the two eigenstates.
Several groups explore the possibility of microscopic qubits, i.e. qubits based on
individual microscopic degrees of freedom, for example nuclear spins in molecules
(NMR) [62, 63]. However, we will focus on macroscopic superconducting qubits,
which open the possibility for coherent quantum electronics. Several promising ex-
periments on superconducting qubits have been based on phase degree of freedom in
Josephson junctions. Usually one distinguishes between charge qubits, working in
the regime B CNM BPO [64–66], and flux qubits, working in the regime BDO M B C
[58,60,67], where BPO  ?Q6 R7ST  is the Josephson energy. For a review see Ref. [68].
Quantum coherence in a qubit based on the Josephson effect was demonstrated for
the first time in 1999 by Nakamura et al. [65]. They showed that coherent oscillations
between two charge states of a Cooper pair box [64], i.e. a small island connected via a
Josephson junction to a superconducting reservoir, could be induced by voltage pulses.
More recently Vion et al. [69] reported measurements of Rabi-oscillations on a similar
charge qubit with a significantly longer decoherence time, U/VW2 - YX>Z\[ , compared to
the experiment of Nakamura et. al, U/V,2]/[ . The hysteretic rf-SQUID by Leggett is
an example of a phase qubit. A similar design has been studied by Mooij et al. [67],
who constructed a flux qubit in the non-hysteretic regime BDO) B^
_E
?Q6 

H
I
0 ,
where 0 is the geometric inductance, to avoid the sensitivity to external flux noise. All
these qubits are children in the recent baby boom of superconducting qubits, and new
ideas are still coming.
All qubits based on the Josephson effect use large classical Josephson junctions,
where the phase difference is the only dynamical variable. An alternative approach
is to use the inherent dynamics of the bound Andreev states in a quantum junction,
which is not directly related to the dynamics of the phase difference. In a quantum
point contact with a single conducting channel there is only a single pair of Andreev
levels, which is a good candidate for the qubit application. The state of the Andreev
`
This thesis does not concern any quantum computing, although this is an interesting subject. We
are only considering the basic building block; the qubit, which is interesting enough on its own. The
theory and algorithms of quantum computing can be found for example in [61].
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two-level system determines the direction of the persistent current in the contact. If the
two electrodes of the point contact are connected, forming a superconducting ring the
situation becomes similar to Leggett’s bistable rf-SQUID, with the difference that the
inductance of the ring can be low, B^ M BPO . (The Josephson energy of a transparent
quantum point contact is of the order of the energy gap BPOa2  .) Although the
Andreev level qubit is a phase qubit, it is not the phase difference which is the relevant
degree of freedom, but the state of the Andreev two-level system of the point contact.
Thus, this device can be seen as a microscopic qubit, which is coherently coupled to
the macroscopic ring.
Paper IV discusses a qubit based on the Andreev two-level system. The dynamics
of the qubit is discussed in Sec. 2.1 and Chapter 4.
Measurement of persistent current qubits
The spin-state of a qubit based on the Josephson effect can be measured by means
of the charge on a junction or the supercurrent, which is a function of the phase dif-
ference. Since the classical meter is a source of noise, a weak coupling between the
meter and the qubit is required, which obviously makes the measurement process in-
creasingly difficult due to the small signal from the qubit. Hence, great effort is put
on the design of accurate methods to measure charge [70, 71] and flux, see [60, 67].
A new meter to measure persistent currents has recently been developed by Cottet et
al. [66], with promising experimental results [69]. The technique is applicable to the
phase or charge qubits where the two-level system couples to the persistent current in a
superconducting ring. Hence, these systems can also be measured using the dc-SQUID
technique. The new meter by Cottet et al. is a Josephson junction with large critical
current compared to the typical current states, which is embedded in the superconduct-
ing ring. The big Josephson junction is also connected to a stable current source and
a voltmeter. The measurement is performed by increasing the current bias from zero
to a peak value where the rate for macroscopic quantum tunneling (MQT) in the meter
is significant. The MQT-event yields a voltage pulse, which can be measured by the
voltmeter. The rate for MQT depends strongly on the current through the junction, and
hence on the direction and amplitude of the current in the ring, which can be used to
determine the current state of the qubit.
The main advantage of this MQT-meter compared to the dc-SQUID is that it mea-
sures the current state rather than the induced flux, which is a weak effect if the qubit
is operated in the non-hysteretic regime B^
M
BDO .
In Sec. 5.1 we discuss a qubit with persistent current states, connected to a MQT-
meter. The general properties of the qubit-meter system are discussed as well as the
signal-to-noise ratio of measurements at zero temperature.
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1.3 OUTLINE OF THIS THESIS
This thesis is to large extent a study of different aspects of nonequilibrium Andreev
states.
The structure of the remaining part of this thesis is as follows.
In Chapter 2, I introduce the formalism on which the work is based. We
use a quantum mechanical scattering approach to calculate current-voltage
characteristics and the (non)equilibrium Josephson effect in quantum SNS
junctions. The dynamics of the Andreev states in a point contact is inves-
tigated using a functional integral approach.
In Chapter 3, I present the results of Papers I-III. In these papers we discuss
NS and SNS interferometers and the effects of the Andreev bound states
on the current-voltage characteristics. We also discuss the nonequilibrium
Josephson effect caused by normal injection in an SNS junction.
In Chapter 4, I present the results of Paper IV and discuss the Andreev
level qubit. The paper is devoted to the slow dynamics of the Andreev
states in a quantum point contact and the possible qubit application. Ma-
nipulation of the qubit state and coupling of qubits are other subjects in
the discussion.
Finally, in Chapter 5, I discuss the readout scheme of superconducting
qubits, using the method developed by Cottet et al. [66]. The method may
in particular be useful for experiments with Andreev level qubits.
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CHAPTER 2
SUPERCONDUCTING JUNCTIONS
In this chapter I will introduce the formalisms which are used in the appended arti-cles. Although three of the four appended papers are based only on the scattering
theory I find it illustrative to begin with the functional integral approach to the point
contact, the results of which are used to describe the Andreev level qubit. The func-
tional integral approach gives an overall picture of the junction in the electric circuit,
including the effective capacitance of the junction and the influence of inductive and
capacitive elements in the circuit. The scattering approach, which is introduced in
Sec. 2.2, concerns only the transport properties of the junction, and implies the phase
difference being a well defined classical variable.
2.1 FUNCTIONAL INTEGRAL APPROACH TO THE QUANTUM POINT
CONTACT
In this section we use the functional integral technique to calculate an effectiveHamiltonian for the quantum point contact, describing the dynamics of the energy
levels close to the Fermi surface. Our aim is to describe the dynamics of the An-
dreev two-level system in a fluctuating environment. We also derive the Hamiltonian
describing the slow phase dynamics of the tunnel junction.
Hamiltonian of the superconducting quantum point contact
It has been shown by Levy Yeyati et al. [72] and Cuevas et al. [36] that the Josephson
effect in superconducting quantum constrictions with arbitrary transparency can be
described using a tunnel Hamiltonian description of the coupling of the electrodes. We
can write the Hamiltonian for a single-mode quantum point contact connecting two
bulk electrodes as b

b
^dc
bfe
c
bfg
c
bfh
 (2.1)
which consists of the following terms. The bulk electrodes are described by the Hamil-
tonian for the BCS-superconducting state [2], considered in the mean field approxima-
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tion (see e.g. [73] for a detailed derivation); for the left electrode,
i
b
^
kj lnm
^poqsr
i
tsu
^
E
r
nvﬀHPwsx%y
8:
I
.
E<z
{
y]|

8:
z}
H
I
y
Z/~pQc
i
 ^A
i
t
^
E
r
nvﬀHﬀ (2.2)
where t
E
r
nvﬀH
 E% E
r
nvﬀHﬃ

u

E
r
v7HH is the two component Nambu representation for
electrons and holes in the superconductor, p denote the Pauli matrices, and the order
parameter matrix is given by the equation,
i
d^

d^<
YŁ
l !s
 (2.3)
where d^ is real and positive. The bulk Hamiltonian for the right electrode is similar.
Using the mean field approximation we neglect fluctuations of the magnitude of the
order parameter ^ and also deviations from the Josephson relation,

E
vﬀH



8:W E
vﬀHﬀ (2.4)
where 
E
vﬀH is the voltage across the point contact and
 E
vﬀH

e
E
r
g
nvﬀH
y

^
E
r
g
nvﬀH the
phase difference across the point contact, where
r

r
g
is the coordinate of the point
contact.
The tunnel Hamiltonian
b
g
can be written on the standard form [4, 74, 75], with a
hopping parameter  determining the transfer properties of the junction. The interac-
tion is assumed local, at the point contact,
i
bfg
i
tu
^
E
r
g
nvﬀH
i
U
i
t
e
E
r
g
v7Hc\Y
i
U
#

-
-
y

L, 
 (2.5)
Here the hopping parameter is assumed energy independent, which is relevant for the
atomic size point contact. A generalization to energy dependent scattering is discussed
in Sec. 2.2, using scattering theory. The last term in Eq. (2.1) describes the Coulomb
interaction. As long as we are only interested in large time scales compared to the
inverse plasma frequency of the electrodes, the Coulomb interaction can be described
by an effective capacitive interaction, depending on the charge difference between the
two electrodes,
i
bfh

K


I
E
v7Hﬃ (2.6)
Here K is the usual capacitance defined by the geometric properties of the junction.
Generally, we consider this capacitance as an individual branch coupled in parallel to
the point contact, according to Fig. 2.1.
It is convenient to perform a gauge transformation, which removes the phase from
the order parameter matrix
i
 ,
i
t
^
E
r
nvﬀH¢¡ 
£

Ł
l "s¤
I
i
t
^
E
r
v7Hﬃ (2.7)
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The corresponding procedure is performed also on the right electrode. The transfor-
mation, Eq. (2.7), yields a Hamiltonian with a real order parameter matrix in both
electrodes,
i
b
^
¥j lnm
^'oqsr
i
tsu
^
E
r
nvﬀH¦
:
6s  c§^¨p ©
i
t
^
E
r
nvﬀHﬃ (2.8)
where
:
6

y
8:
I
{
I 
E
.H
y
Z . In this equation, the terms proportional to the superfluid
velocity,
z
;ª«
8:
.
E z{

y
A
8:
z}
Hﬃ (2.9)
have been omitted, since we consider electrodes which are large compared to the Lon-
don penetration depth. Hence, the electrodes can be treated as bulk superconductors
where the external magnetic field is screened completely and the current density is
small.
The effect of the gauge transformation Eq. (2.7) on the tunnel Hamiltonian is the
appearance of a dependence on the phase difference between the electrodes of the
hopping parameter,
bfg
¬i
tsu
^
E
r
g
nvﬀH
i
U­
V Ł
!s¤
I
i
t
e
E
r
g
nvﬀH\c\Y (2.10)
Current
The current through the point contact is given by the relation,
i
R
E
vﬀH

y

o
o
v
i
1®^
E
vﬀHﬀ
i
1¯^
E
v7H
j lnm
^¨oqsr
t
u
E
r
nvﬀH°

t
E
r
nvﬀHﬀ (2.11)
The time derivative of the number operator
i
1®^ is conveniently calculated using the
Heisenberg relation,
i
R

|

8:²±
i
1®^
E
vﬀHﬀ
i
bfg
E
vﬀH³

|

8:
i
t
u
^
E
r
g
v7H
i
U­
VŁ
!s´¤
I
i
t
e
E
r
g
nvﬀHﬃ (2.12)
Hence, the current operator can be written on the form,
i
R
E
vﬀH

G
8:*µ
µ
 
i
bfg
E
vﬀHﬀ (2.13)
Since the Nambu vectors on both sides of the point contact are considered as bulk
states, the current through the point contact depends only on the (fluctuating) phase
difference and the transparency of the junction.
Functional integral approach
In order to calculate the effective Hamiltonian describing the slow quantum dynamics
of the junction we employ a functional integral approach, similar to the technique
used by Ambegaokar, Eckern and Scho¨n [73, 76]. We can integrate out the degrees of
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freedom of quasiparticle excitations in the electrodes and arrive at an effective action
describing the slow, on the time scale
8:
 , non-dissipative dynamics of the phase
difference and the Andreev states of the point contact.
The approach is based on the normalized partition function,
¶
·¸j
(
I
t
^ (
I
t
e
(
 

¹
¤Tº»

·¥¼p½Pj
(
I
t
^ (
I
t
e
(
 

¾¹7¿
¤°º»
 (2.14)
where À

ÀpÁ­c9ÀC is the action for the point contact, ÀpÁ , including the electrodes,
and the capacitive branch, ÀC . The effective capacitance K can be adjusted by means
of a shunt capacitor. In the functional formulation, t
^
¤
e
E
r
nvﬀH are complex Grassman
fields, and the notation (ÂI t is short hand notation for the functional integration over the
complex field ( t u ( t . The normalization constant
·
is given by the partition function
for the uncoupled electrodes, À<6

À
E


-
H . The actions for the point contact À Á and
the capacitor À C are straightforward to derive from the Hamiltonian Eq. (2.1),
À
Á

À<^&cÀ
e
y
j
o
v
bfg
E 
H (2.15)
À<^
 j
o
v
j
lnm
^
o
q
r
t
u
E
r
nvﬀHnÃ
|
8:
µ
µ
v­y
:
6ﬃ

y
ÄÅ
t
E
r
nvﬀHﬀ (2.16)
À
C

j
o
v
x
?Q6


~
I
K

 
I
 (2.17)
For simplicity we consider the same magnitude of the order parameter in the two elec-
trodes,  ^


e

 .
SQUID geometry
The model described above concerns two superconducting electrodes, connected only
by the point contact, but the same description can also be used if the two electrodes are
connected to a ring, i.e. a SQUID-geometry, see Fig. 2.1. The main new feature is that
the phase difference across the junction depends on the phase gradient in the electrode,
j Æ´ÇÈÆÊÉ´Ë"Ì!ÍnÎﬀÆ
oGÏ/Ð
z
{
Ñ¥ E´ÒÓ'Ô


H (2.18)
where the integration goes around the electrode (well within the electrode compared
to the London penetration depth). Zero superfluid velocity in the electrode implies
that z
{

y
E
G
8:
H
z
}N
- (given by Eq. (2.9)). Accordingly, the phase difference is a
function of the external flux,
 ]E


?
6
Hn?

E´ÒÓ'Ô


Hﬃ (2.19)
The total flux ?

consists of the external flux ?Õ and the flux, Ö?

R'0 , induced by the
circulating current, where 0 is the geometric inductance,
?


?Õ%c
Ö
?× (2.20)
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Finally, if we consider the SQUID geometry, the energy of the induced flux yields an
additional term in the action, ÀØ , which is given by
ÀØ

y
j
o
v
B^

¦
 
y
 
Õ©
I
 (2.21)
where B^
]E
?Q6 

H I 0 and
 
Õ



?Õﬀ?Q6 .
C
Junction LeΦ
Figure 2.1: The effective electronic circuit of a junction in the SQUID-geometry, i.e. an rf-
SQUID. Ù is the geometric inductance of the superconducting ring and Ú the effective capaci-
tance of the junction.
Reduced Hamiltonian for the point contact
It is possible to simplify the action in Eq. (2.15) by integrating out the degrees offreedom of quasiparticle excitations outside the energy gap. This yields a crucial
simplification of the problem, but requires that we only consider slow dynamics on
the time scale Û
ÜÝÞ
. The two Grassman fields ßﬀàGáâ , for the left and the right elec-
trode, in the interaction Hamiltonian ãfä , Eq. (2.10), can be decoupled by introducing
two new two-component Grassman fields åﬁæ´ç7è and é<æÊçﬀè [77], following the Hubbard-
Stratonovich procedure (see Appendix A),
êëì
í
î/ï<ðñnò\óGôõsö÷¥øWùdúﬀûpùdúsü
ê
ìí
î
ï
ðJñ$ýþTß 

ì

	
ô
ó
ñ!ösßÊô 

ì
	ﬁﬀ
ôﬂ
óﬃ
ñ!öpþö! " #$ (2.22)
After this decomposition, the functional integration over the Nambu field and the ü -
field can be performed explicitly. We arrive at an effective action, which determines
the slow dynamics of the phase difference % and the Grassman field û [77], which
describes the Andreev levels, as we will see later,
&('
ý
%*)
û
#
÷
ø,+.-0/+.-
ú
û102
-0/34
ë
/
2
-
/
)
-
ú
3
û52
-
ú
3
4
ë
/
2
-
/
)
-
ú
3
÷ 6
ë
/
7
2
-0/*89-
ú
3*8;:
<
2
-0/03
6
7
2
-0/*89-
ú
3=:
<
ë
/
2
-
ú
3
$ (2.23)
Here 6 7 is the Green’s function for the uncoupled electrodes ( > ÷@? ), 6 ë
/
7
2
-0/=8A-
ú
3
÷
2CBD
EGF
ñ
8
E
7HJI
8LK
H(M
3ON
2
-
/*89-
ú
3N
2QP
3
. The Fourier component, 6R2ﬁS 3 , is
6
7
2TS
3
÷VU
WAX0Y
U
D
E
ú
S
ú
8AZ
ú
Y
2D
E
S\[^]
Y
H(I
[
K
H(M
3`_
8
BCacbd2C?
3
e
D
E
úCS
ú
8LK
ú
2D
E
S\[
K
H(M
3
) (2.24)
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where fgihkj
lGm0n
mporq.sut\v
, wxgyhzf
m
g|{~}
m
, and dCﬃ is the electron density of states at
the Fermi level.
At small frequencies, j
l
}
, the Green’s function in Eq. (2.24) is simplified
further, 
Ł

t

m
h
t,
Qﬃ
}
Cj
lk

0
{L}(
O0
t

m
 (2.25)
Due to the low frequency approximation the full Green’s function, Eq. (2.23), only
depends on the time difference   t  m , which corresponds to a local effective action. It
is convenient to include the constant factor in the front of
 

 ), Eq. (2.25), in the field

. Then we arrive at the action [77]
(
G05
h 


¡
Ł
x¢ﬁj
l 


{
j
l¤£¦¥

(§
t©¨
  
tA¨*ª

ª
«

0
 (2.26)
where
£
h

¬
­
t©® ¯
 , and
¨

h
}
Q°p±²
m

q
{
®
¯
²³´
m

q
 (2.27)
¨cª
h
tyq
£
}
²³´

 (2.28)
The reflectivity of the junction is ¯ h@­ t\µ , where µ is defined by the equation [36],
µ
h

m
Cﬃ

m¶ ·¸¶ m

­
{

m
C

m
¶¹·¶
m

m
 (2.29)
It is convenient for later purposes to proceed to the Hamiltonian description. The
conjugate momentum to  and the conjugate quasi charge to  are
º»
h ¼¾½
¼
¥

h j
l

¡
¿!À
h
q

Á

¼¾½
¼
¥

h
Á

q
iÂ
¥

{
qﬃÃ
£
(§

Then we can use the Legendre transformation to get the Hamiltonian, Äh@ Á

orq


¿ÅÀ
¥

{
º
»
¥

t
½
. The variables  and  are quantized by imposing the usual commutation re-
lations, for Fermions and Bosons, respectively,
Æ
ÇQ0
¡
ÈÅÉ
h 
Ç
È

*0¿
À

h 
qﬃÃ

Finally, the reduced Hamiltonian takes the form [77],
Ê
Äh
­
q
Â

¿!À
tLqÃ
£
J§

m
{
¨






{
¨*ª




ª
 (2.30)
where the quasi charge operator is ¿!À h t  qﬃÃ
¼
À
. This Hamiltonian describes the dy-
namics of the low energy levels and the phase difference in the system of the Josephson
contact.
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Note that the eigenvalues of the potential energy term in the Hamiltonian, Eq. (2.30),
yields the bound Andreev level spectrum, ¨Ëm

{
¨ym
ª
hkw
m
Ì , where
w
Ì


h
}ÎÍ
­
t©µ
²³´
m

q
 (2.31)
It is straightforward to calculate the electrical current in the point contact using
Eq. (2.13). Performing the gauge transformation, ÐÏ Ã
ÇÑÒÓÀ!ÔﬂÕÖ

, which removes the
(§
-term from the kinetic part of the Hamiltonian in Eq. (2.30), we arrive at the current
operator for the point contact,
Ê
×


h
×
Ì




t
°p±²

q
  {
²³´

q

ª
C (2.32)
which has the eigenvalues Ø
×
Ì


 ,
×
Ì


`h
ÃÙµ
}
j
l
²³´

q
 (2.33)
If we assume that the phase difference is time independent, it is straightforward to
integrate out the  -field from Eq. (2.26). The resulting action is (    o jl hÛÚ  ÝÜ ´¾jl m  m!t
w
m
Ì


 . The average current, corresponding to Eq. (2.13), is then given by the equa-
tion,
×


h
Ã
}
j
l
µ
²³´

q
w
Ì



 (2.34)
which we recognize as the Josephson current in a point contact at zero temperature
[27,78].
Tunnel junctions
If the transparency of the junction is low, µ  ­ , then the dynamics of the Andreev
states is on the time scale j
l
o
}
. Hence, if we are interested in the slow dynamics,
j
l(©
}
, it is relevant to integrate out also the field  , to get an effective action for the
slow dynamics of the phase difference only.
Consider the point contact branch, the partition function of which is,
Þ


5
hÛßià!á

Gâ




µ
m

Ã¾ã
ä
åÙæçÅè
»pé Àê
 (2.35)
where
(
and


are given by Eq. (2.23) and Eq. (2.24), respectively. A straightforward
evaluation of the  -integral yields,
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 (2.36)
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where we have used the approximation µôóÛõ  m C

m.¶ ·¸¶ m
, and where [73]
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Assuming that the phase difference varies slowly on the time scale j
l
o
}
, we can treat
both the terms in Eq. (2.36) as local in time. Thus,
°p±²
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Ł0
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where
 
h¦ 
t

m and `h@Ł 
{

m

orq
. We arrive at an action with a periodic potential
term proportional to the Josephson energy, i.e. the ”washboard potential”, and a kinetic
term, which yields a shift 
Â
of the effective capacitance,
Þ

h
Ã
Ç
Ú

Õ



ù

ù	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À
ù

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
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where w,h
Á

×ﬀ
oÙq

and the critical current for the single channel is ×ﬀ h ÃÙµ
}
oÙq
j
l
.
The shift of the effective capacitance is [73],

Â
h
t
ÃÅm
j
l¦

 ﬁ 
m
ïG
 
 (2.39)
The generalization to multi-mode tunnel junctions is straightforward, because of the
separability of the conductance modes in short junctions; the total critical current can
be presented as a sum of independent modes with transmission eigenvalues µﬃﬂ

­ .
The least action solutions to the action

h
(
{
 
, where
(
is given by
Eq. (2.38), are quite different depending of the ratio of w  and w . If the charg-
ing energy dominates, w
"!
w
 , there are no localized solutions but only Bloch
states, which correspond to discrete quasi charge states on the electrodes (
}
¿
h
qÃ

õÃ
$#
Ã

 ). The small Josephson coupling yields a hybridization of the quasi charge
states and a Bloch-band structure, see [79]. In the opposite limit, w  ! w  , the lowest
bands are exponentially narrow
}
w"%
Ã
â
®
m


¤



[80]. The lowest states of a local
minimum in the periodic potential can then be approximated by the eigenstates to a
harmonic oscillator.
2.2 SCATTERING THEORY
So far we have neglected all sorts of dissipation, in the junction and in the elec-trodes. The role of dissipation in ScS-junctions is a recent research field, and it
has been investigated using both Green’s function techniques [36, 81] and the scatter-
ing approach [34, 35]. When a voltage bias is applied to the junction, a nonequilib-
rium quasiparticle distribution develops in the contact area. In transparent junctions,
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this effect is strong even for small voltages. The scattering approach is particularly
useful for studying strong nonequilibrium and non-stationary effects in spatially non-
homogeneous structures. Employing the Landauer philosophy [20] to ScS-structures,
we assume that all inelastic quasiparticle processes occur in the electrodes, which are
treated as equilibrium quasiparticle reservoirs. The scattering of quasiparticles in the
normal region is assumed entirely dynamical. When studying the dissipative transport
we will disregard effects of the fluctuating environment and consider the phase differ-
ence as a well defined classical variable. This corresponds to the regime w
 
wﬁ ,
when charging effects on the electrodes are not important.
The simplest assumption about the normal region of the junction is to consider it a
conductor of the same material as the superconductor but with
}
h  . Moreover, we
require that the width of the normal region varies slowly in space and that scattering
only occurs at impurities, except of Andreev reflections at the NS interfaces. Hence,
the normal region is considered as a non-superconducting waveguide for electrons and
holes.
Consider one of the superconducting electrodes. We assume that the electrode is
free of external fields and in equilibrium. Thus, it is described by the Hamiltonian
Eq. (2.8). It is convenient to expand the Nambu operator Ê& ('  0 in scattering states,
Ê
&
)'

0*h+*$,
&
,
('

0
Ê
ï
,
 (2.40)
where &
,
('

0 are the scattering state wavefunctions and
Ê
ï
¡
,
are the creation operators
for the scattering states. The quantum number v labels the quasiparticle state in a
particular electrode. Since we consider reservoirs in equilibrium the incoming scatter-
ing states from different modes, and electrodes, are statistically independent, and the
occupation number is given by the Fermi distribution function, -.h@­ o  Ã
0/
¤
g12
{
­ ,
3
Ê
ï
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,
Ê
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The scattering state consists of a linear combination of transmitted and reflected waves,
&
,

n

Ã
Ç
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Ç
:/
Õ
 (2.42)
where &
,

n
 satisfy the stationary BdG-equation [10],

fg
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
n
|h  (2.43)
This equation describes the hybridization of electrons and holes in the vicinity of the
energy gap, and gives the dispersion relation
n:<
h
û
q.s

v
Ø>=.
o
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l
, where
= h
?
®
w
m
t
}
m

¶
w
¶@
}
)A
®
}
m
t
w
m

¶
w
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where A\hÛ²³DC.´òw  . The wave vector
n
<
is defined for electron-like 
{
 and hole-like

t
 quasiparticles. The naming refers to the limit
}
Ï
 when hole-like quasipar-
ticles turn to holes and electron-like quasiparticles turn to electrons. The solutions to
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Eq. (2.43) are,
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 (2.46)
For ¶ w ¶@
}
the solutions are free quasiparticles (plane waves) in the electrodes.
Now we have the necessary tools for calculating the electric current in the elec-
trode. This is done by means of the operator for the current density,
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which may be used either in the electrode or in the normal region. This expression is
calculated for electron-like and hole-like quasiparticles, injected from the electrodes.
The NcS-interface
Apart from the bulk properties of the electrodes, we are also interested in the bound-
aries between the normal and the superconducting regions, and in the Andreev reflec-
tion in particular. We consider a single channel SN interface, with perfect contact
between the superconducting and the normal reservoir. The scattering at the interface
is conveniently calculated following the BTK approach [21], by means of matching
the solutions, Eq. (2.45), in the normal and the superconducting regions. An important
consequence of the energy gap is that electrons can be reflected back as holes, and
vice versa, at the interface. The amplitude for this Andreev reflection is given by the
equation,
'
Ì
hMA
Ã
â
F
Ô

Ö
 (2.48)
Hence, the probability for Andreev reflection is unity in the gap, whereas it decays
rapidly outside the energy gap, ¶ ' Ì ¶¹m %
}
m0o(¶
w
{
=
¶¹m
. Conservation of charge im-
plies that two electron charges must have been transferred to the superconducting re-
gion during the Andreev reflection: a Cooper pair has been added to the condensate.
The emission of a Cooper-pair from the superconductor corresponds to the reversed
process: a hole is Andreev reflected as an electron.
It should be noted that the expression, Eq. (2.48), is not entirely correct. Since
the wave vectors in the superconducting and normal regions are not equal, there will
always be a small amount of normal reflection. However, this effect is small, of the
order of
}
o!v
, and may be neglected if
}

v
. The situation is obviously different
if the contact between the two regions is not perfect. An insulating barrier at the
interface will decrease the probability for Andreev reflections and instead increase
the probability for normal reflections. This reduction of Andreev reflection is a well-
known experimental problem, since transparent NS interfaces are difficult to create.
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The wave function of a scattering state involving an Andreev reflection within the
energy gap has an exponentially decaying tail in the superconducting electrode. An
expansion of
n <
in the parameter
}

v yields,
n
<
h
n
.ÎØN=
n
.
o!v
{©î
(=
m
o!v
m

 (2.49)
where
n
.h
®
qs,vco
j
l
is the Fermi wave vector, and = is purely imaginary if ¶ w ¶OB
}
.
Hence, the wave function decays on the length scale =

hkj
lQP
.
o
}
in the superconduc-
tor.
Finally, we notice that Andreev reflections provide the only mechanism of current
transport in the energy gap. This simple effect stands behind most of the phenomena
studied in this thesis.
Transfer matrix formalism
It is convenient to introduce a transfer matrix formulation of the scattering in the nor-
mal region. This technique is convenient for analytical studies of multiple Andreev
reflections, and it is used to large extent in Paper III; but it is also useful for calculating
the equilibrium current in SNS junctions.
The SNS junction is modeled by a single channel normal wire in perfect contact
with the superconducting electrodes at both sides, see Fig. 2.2. The interfaces of the
two electrodes are located at RAh t
½
 and R9h
½
m , where R is the coordinate along
the normal wire, and there is an impurity in the junction, at R hÛ . A detailed analysis
of this particular SNS junction can be found in Ref. [29].
LS
L1
Impuriy
L2 SR
Figure 2.2: Schematic figure of the simplified quantum SNS junction with one impurity. The
length of the normal region is SUTVS / W S
ú
.
We use a vector notation for the scattering amplitudes for waves propagating in
both directions in the normal region, X 2 Z 3 ÷@22(Y 
Y
3/
)
2(Y

ë
Y
3/03
, for electrons and Z 2 Z 3 ÷
22)Y
ë
Y
3
ú
)
2)Y
ë
ë
Y
3
ú
3 for holes.
The regions between the impurity and the electrodes are assumed to be ballistic,
which corresponds to the transfer matrix (from right to left),
<\[
]
ì
÷
ê
ë^
Y$_
]
ìa`

$ (2.50)
The impurity is considered as an elastic point scatterer, whose transparency is inde-
pendent of energy on the scale Kcb d . It is described by a unitary scattering matrix,
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which relates incoming and outgoing waves at both sides of the impurity. For electrons
we can write,
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We can use the Hermitian conjugate of same scattering matrix for holes. The elements
of the scattering matrix

determine the reflectivity of the impurity, ¯ h ¶ ' ¶
m
, and the
transparency, µ h@­ t©¯ h ¶  ¶
m
. The corresponding transfer matrix í 8 has the form,
í
8 h
­

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­
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'
e
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 (2.52)
and the equations for electrons and holes are the same,
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The scattering approach we consider here can be generalized for multi-terminal junc-
tions, by increasing the dimensions of the scattering matrix

. This technique was
introduced by Bu¨ttiker in 1984 [82], and we use it in Papers I-III to consider probes
attached to the normal region of the SNS junction.
Due to the gauge transformation in Eq. (2.7) of the Nambu operators in the super-
conducting electrodes we have to include also the dependence of the transfer matrix
on the phase difference between the electrodes,
í
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í
<
g
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 (2.54)
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
The situation is slightly different if the gauge transformation, Eq. (2.7), is not per-
formed: then the Nambu field, and hence the amplitude for Andreev reflection Eq. (2.48),
are phase dependent. The reflected hole “picks up” the phase of the superconductor.
Obviously, the results for both approaches are the same.
The transfer matrix in Eq. (2.54) is generally energy dependent, with the exception
of short junctions,
½

=

, where this energy dependence can be neglected.
It is convenient to express also the scattering at the NS interfaces as a transfer
matrix, which relates electrons and holes in the normal region. We use the Andreev
approximation and neglect terms proportional to
}
o!v
, just as in Eq. (2.48),
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where

hØ ­ and G h­  q denote the type of quasiparticle and the electrode from
which the quasiparticle is injected, respectively. The source term refers to the electron-
like and hole-like quasiparticles, Note that the matrix in Eq. (2.56) obeys the standard
transfer matrix equation, ¨
(§
¨
¡
h
(§
, only in the energy gap. Outside the gap there
is a finite leakage to the superconducting electrode.
Andreev states in SNS junctions
The spectrum of the Andreev levels in a short SNS junction was derived in Sec. 2.1 and
given by Eq. (2.31). Now we proceed and calculate the spectrum for junctions with
finite length.
Inside the energy gap, ¶ w ¶0B
}
, we can treat the SN interface as an ideal Andreev
mirror, which turns electrons into holes and vice versa. The equations for the interface
read,
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Combining these equations with the transfer matrix in Eq. (2.54) we can write an equa-
tion for the energy spectrum of the bound states,
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The solvability condition for this equation yields the equations for the spectrum,
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where n Ç h q w
½
Ç
o
j
l P
. , and m is given by Eq. (2.46). It follows from Eq. (2.60) that
the number of Andreev levels depends on the total length of the junction. Fig. 2.3
shows a few examples, of which the simplest is for the short junction. If the length of
the junction is much smaller than the superconducting coherence length,
½

=

h
j
l P
.
o
}
, there are only two Andreev levels in the gap and the equations (2.60) reduce
to the spectrum given by Eq. (2.31).
The Josephson current in the SNS junction consist of a contribution from the pop-
ulated Andreev states and a contribution from continuum states [29],
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h
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where the sum is over all Andreev levels under the Fermi level, w
p
B
 , and × 9tju is
the current contribution from the continuum. The continuum contribution is straight-
forward to calculate using scattering theory and the current formula, Eq. (2.47), while
the contribution from the bound states [28, 83] can be obtained by applying Eq. (2.13)
to the Hamiltonian of the bound Andreev states.
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Figure 2.3: The Andreev levels as a function of the phase difference v for different lengths;
SwTyx (left), S{z}| 7 (middle) and S~ | 7 (right). Solid lines show the spectrum for a
symmetric junction, S / TNS
ú
, and dashed lines shows the effect of asymmetry.
Multiple Andreev reflections
In this subsection we discuss the dissipative current which is produced by a constant
voltage bias  applied to an SNS junction. This voltage bias yields a time dependent
phase difference according to the Josephson relation, Eq. (2.4),
%
2
-
3
÷
%
ð
7
[
ê
D
E

-
$ (2.62)
Historically, this problem was solved for ScS-junctions using various techniques dur-
ing the period 1987-1995, see Refs. [33–37].
The scattering approach to voltage biased junctions is complicated, yet rather in-
tuitive. A detailed derivation is presented in Paper III, where we use the technique
to calculate the current-voltage characteristics for the SNS interferometer. I will not
re-derive any equations here, but rather try to explain the theory quantitatively.
The time dependence of the phase difference % appears in the scattering approach
as a time dependence of the transfer matrix across the normal region, Eq. (2.54). This
time dependence corresponds to an energy gain ê  each time an electron travels from
the left to the right border of the normal region, and correspondingly, the same energy
gain for a hole traveling in the opposite direction. The result of this inelastic transport
in the normal region, combined with the multiple Andreev reflections inside the energy
gap, is that an incoming quasiparticle, with energy Z , is scattered to sidebands at the
energies Z ÷ Z [N ê  , ÷Û? )
U
)

)
$$$ Note that these sidebands exist within the
energy gap as well as outside.
The scattering states are straightforward to calculate using the transfer matrix tech-
nique described in the previous subsection. The problem is rewritten as series of re-
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currences for the scattering amplitudes of different side bands (see Paper III). These
recurrences are then solved with zero boundary conditions at plus and minus infinity
in energy space.
The electric current is calculated by applying Eq. (2.47) to the scattering ampli-
tudes in the normal region. The current is generally time dependent (the ac-Josephson
effect), but we only consider the dc-part of the current. In order to provide a more
transparent picture of the current transport we chose to expand the expression for the
current in the partial currents 
p
, involving - t ­ Andreev reflections. In this way the
current can be written as
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The current 
p
é
È
w  is the current which is produced by injection of electron-like and
hole-like quasiparticles from the electrode G , at energy w , and scattering to the - :th
sideband, w
p
h w
{
-
Ã
, see Fig. 2.4. Correspondingly, 
â
p
é
È is the current of the
n-particle scattering process from w to w
â
p
hkw
t
-
Ã	
. Note that the - t ­ Andreev
reflections imply that the - -particle scattering process corresponds to the co-transfer
of - electrons across the junctions.
e
h
e
h
e
∆
−∆
Figure 2.4: Diagrammatic picture of the 5-particle scattering process. This process can be
viewed as the co-transfer of two Cooper-pairs and the electron through the junction.
The expression for the current, Eq. (2.63), can be further simplified using the de-
tailed balance equation [84,85],
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where Go
Æ
­

q
É
. The index
n
labels the electrode in which the - -particle scattering
process, 
p
é
È
w  , ends. The identity, Eq. (2.64), is not obvious and has to be proved for
every kind of junctions, which requires some algebraic excursions. However, it is valid
for SNS junctions [84] and short SNS interferometers (see Paper III). An important
consequence of the identity Eq. (2.64) is that only scattering processes which result
in real excitations contribute to the current. All other processes cancel out each other.
23
Jonn Lantz, Superconducting quantum interferometers and qubits
Hence, at zero temperature only processes from the Fermi sea, at w Bôt
}
, to empty
states above the gap, w @
}
, contribute to the current.
We can write the expression for the current, neglecting the contribution from ther-
mal excitations, on the form
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È (2.65)
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where
×
p
é
È is the - -particle current, referring to the co-transfer of - electron charges.
Although the current voltage characteristics of SNS junctions are generally compli-
cated and nonlinear, some important properties of the - -particle current, ×
p
é
È
, should be
mentioned: the - -particle current is zero for ¶,¶OB©q
}
o
- , and the high order currents,
-
@ q
, are suppressed at voltages, (- t©q  Ã	@ q
}
, due to the decaying probability
of Andreev reflection outside the gap. Finally, if the - -particle scattering process is
non-resonant, the amplitude of the corresponding - -particle current is proportional to
µ
p
, where µ is the transparency of the normal region.
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CHAPTER 3
ANDREEV LEVEL INTERFEROMETRY
3.1 THE NS-INTERFEROMETER; PAPER I
An important aspect of Andreev reflection is that the phase of the Andreev reflectionis shifted with the phase of the superconductor. This mechanism stands behind
the Josephson effect in SNS junctions [13]. Spivak and Khemel’nitskii [86] showed
that this effect also implies the possibility of interference of Andreev reflected particles
from different regions of a superconductor with different phase. The NS-interferometer
was proposed in 1991 by Nakano and Takayanagi [47,48]. They considered a Y-shaped
normally conducting waveguide connected to two equipotential superconducting elec-
trodes, but with different phase, and calculated the phase dependent conductance of the
device. A similar geometry was investigated in 1993 by Hekking and Nazarov [49].
The first experiments with NS interferometers, showing phase dependent conductance
oscillations, where presented in 1995 [50, 51]. For a review on more recent experi-
ments, most of which are performed with diffusive junctions, see Ref. [87].
We consider the setup shown in Fig. 3.1, where the coupling of the NS-interferometer
to the normal injection electrode is weak. In addition to the interference effect, this
setup also exhibits strong effects due to quasibound Andreev states. Accordingly, the
device may be useful for spectroscopy on Andreev levels.
We use the scattering approach to calculate scattering states for injection from
Superconducting loop
Φ
V 1I
V
2 3
S N
I I
N S
Normal reservoir
L L
3-Terminal
2 3
φL φR
Figure 3.1: Schematic layout of the three terminal device, which is a phase biased, quantum
SNS junction where the normal region is connected to a voltage biased normal reservoir.  Fig
1. in Paper I  .
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the normal reservoir and the two superconducting reservoirs. Knowing the scattering
states, the current can be calculated by means of the formula Eq. (2.47). The scattering
in the normal region is modeled with a Y-shaped single mode quantum wire and the
scattering between the three leads is determined by a unitary scattering matrix [82],
³L´¶µ·¸«¹ º\»L¼½
¹
½
¹
½
¹
½ ¾ ¿
¹
½ ¿ ¾
À(Á
ÂLÃ (3.1)
where
½
, ÄÆÅ
½\Ç
ÄÈÊÉ , is the coupling parameter to the normal reservoir. It is assumed
that injected particles split equally into the two arms of the NS interferometer. Note
that the limit
½\Ë
Ä yields the same junction as was discussed in Sec. 2.2; a quantum
SNS junction with the length Ì ´ ÌÎÍÐÏÑÌÓÒ and one impurity with transparency Ô ´
Õ
¿
Õ
Ò
. The Andreev spectrum for this particular junction is given by Eq. (2.60), see also
Fig. 2.3. For arbitrary coupling
½
we have the unitarity condition ÖVÏ>Ô
´
º×»N½
. The
two superconducting electrodes can have a finite phase difference, Ø , and a voltage Ù
is applied to the normal reservoir.
The current-voltage characteristics for the NS-interferometer is shown in Fig. 3.2.
In the sugbap voltage region, Ù
ÇÑÚÜÛsÝ
, the current structures are staircase-like, where
the steps are most pronounced for small coupling
½oÞ º
. For higher voltages the
current-voltage characteristics are linear and the conductance is given by the normal
conductance. The positions and the amplitudes of all structures in the subgap voltage
region are phase dependent, the most significant effect being the vanishing subgap
current at Ø
´Mß
.
The structures and the phase dependence of the subgap current is the result of two
mechanisms: resonant Andreev transport and interference. The staircase-like structure
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Figure 3.3: Schematic picture of the NS interferometer as an effective phase dependent èÜéëêíì:î
interface. The current is carried by single particle transport (1) and Andreev transport (2). The
Andreev transport is affected both by quasibound Andreev states, causing the current steps at
ïðÑñóòëôﬀõ ö
, and interference, which kills the subgap current at ì ñL÷ .
in the subgap voltage region is due to resonant Andreev reflection, which yields steps
at voltages corresponding to the bound states, see Fig. 3.3. Hence, the positions of the
current steps resembles the Andreev spectrum of the decoupled junction ( øúùwû ), see
Fig. 2.3. The overall amplitude of the current structures in the subgap region oscillates
with phase due to the interference of Andreev reflected particles, see Fig. 3.2. For a
symmetric junction, üÎý\ù{üÓþ , the subgap current vanishes at ß ù 	
 , while
the single particle current remains and gives the linear current-voltage characteristics
for large voltages,  .
Nonequilibrium Josephson effect
There is another interesting aspect of the NS interferometer: modification of the Joseph-
son current through the interferometer due to nonequilibrium, introduced in the normal
region by the injection current. It is appealing to explore this possibility to control the
Josephson current in SNS junctions by means of normal injection. The subject is in-
teresting both from a fundamental physical point of view but also due to the possibility
to construct superconducting transistors. It has been shown experimentally that the
Josephson current can be suppressed by injection from a normal reservoir, both in bal-
listic [46] and diffusive [88, 89] SNS-junctions. Furthermore, it is demonstrated in
reference [90] that the Josephson current may even be reversed. The first theoretical
work on nonequilibrium Josephson effect by normal injection was presented by van
Wees et al. in 1991 [91], considering both the broadening of the Andreev states due
to the coupling to the normal reservoir and nonequilibrium population. It has further
been demonstrated by Wendin and Shumeiko [56] that the nonequilibrium population
of Andreev states may reveal considerable currents in both directions, large enough to
reverse the Josephson current [57,92]. This effect can be explained by considering the
currents through individual Andreev states in long junctions (compare with Fig. 2.3
and Eq. (2.61)), which carry current in altering directions and tend to cancel out each
other. Hence, the effect of one extra level, being populated by external injection, is
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significant, and the current carried by this level might even overcompensate the equi-
librium current and yield a negative supercurrent. What was further demonstrated by
Samuelsson et al. [57] is that the current in the three terminal device (see Fig. 3.1) is
not only changed by nonequilibrium population of Andreev states; the injection also
affects the form of the wavefunction of the Andreev states. It was shown that injection
of electrons and holes from the normal reservoir changes the Andreev states in differ-
ent ways. This asymmetry produces an additional contribution to the current from each
level, which has the same sign for all Andreev levels. This anomalous Josephson cur-
rent is length independent and can be as large as the critical current in a short junction,
for a voltage Ù8
Ú Û Ý
, applied to the normal reservoir.
Fig. 3.4 shows the Josephson current in a SNS junction with the length Ì ´
¼
Ä9
¯
as a function of the voltage Ù applied to the normal reservoir. The coupling to the
normal reservoir is small,
½ÜÞ º
, in order to sharpen the structures and to suppress
the injection current. The current-voltage characteristic is staircase-like, with current
steps at the resonant energies,
Ý
Ù
´;:
!< = . For voltages above the gap
Ý
Ù?>
Ú
the
current levels out and remains rather constant. If the length of the junction is increased
the number of current steps in the subgap region increase, while the amplitude at large
voltages remains rather length independent.
We distinguish two contributions to the nonequilibrium current: the regular cur-
rent, which is the sum of the currents caused by injection of electrons and holes from
the normal reservoir, @ 
´
@

Ï-@7A , and the anomalous current, which is proportional
to the difference, @B!
´
@7
»
@
A
. Provided a weak coupling to the normal reservoir,
½Þ º
, when the injected current from the normal reservoir can be neglected, the total
nonequilibrium Josephson current is given by @C
´
@7DﬀÏE@B!ÏE@ , where @7ﬀ is the equi-
librium Josephson current. The regular current jumps in altering direction every time
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a new Andreev state is populated, and the IV-characteristic is hence oscillating in the
subgap voltage region, see Fig. 3.4. The IV-characteristics of the anomalous current
is staircase-like; the current steps when new Andreev states are populated have all the
same sign. Hence, the anomalous current gets more significant when the length of the
SNS junction is increased, since the equilibrium current dies exponentially with the
length, due to the cancellation of the Andreev state currents, when the anomalous cur-
rent remains rather constant. As a consequence, the three-terminal device may function
as a transistor, where the anomalous current is turned on by increasing the voltage on
the injection electrode from zero to
Ú
[93]. The gain of the transistor can be large
if the coupling to the normal reservoir is weak
½ﬃÞ º
. The amplitude of the regular
current is of the order Ô , while the amplitude of the anomalous current is
¹
ÖúÔ , the
sign of which also depends on the phase of the scatterer.
Interface barriers
Any realistic junction will have a finite probability for normal reflection at the NS-
interfaces. Hence, it is relevant to consider the SNS-junction and the three-terminal
device with interface barriers.
If we for a moment restrict ourselves to the case
½
´
Ä , we can use the technique
described in Sec. 2.2 to calculate the bound state spectrum. It is convenient to look at
the case Ö
´
Ä , i.e. a SINIS junction [94], where we can write the equation for the
Andreev levels on the form,
Ô
Ò
FHGJILK
Ø Ï
¼
Ö
F
GJILKNM
»
GJILKJO
¼PDQ »
MSR
»
Ö
Ò
FHGJILKJO
¼PDQ
Ï
MTR
»VU
Ö
F
KXWZY
Ò
PDQ
G7I[KNM
¯
´
Ä
Ã
where M ¯
´
¼
:
\<
A
]_^
Û
Oa`
bdc
6
Û
Ì
R , the quantity
:
e<
A
]_^
´gf
¼"h
O
º »
ß
O\i
»kjVlnm
O
¾po
RnR
Û+q
6
Ì
R ,
i
´
Ä
Ã
f
º
Ã
f
¼
Ã
ÈDÈkÈ , denotes the energies of the Breit-Wiegner resonances in the junc-
tion, for electrons ( Ï ) and holes (
»
), and Ö F and Ô F ´
ºú»
Ö
F denote the reflectivity
and the transparency, respectively, of the (symmetric) interface barriers. The case with
nonzero Ö does not alter the picture in any crucial way.
Fig. 3.5 shows the length dependence of the Andreev spectrum in the presence
of interface barriers. For transparent interface barriers there is small effect on the
Andreev spectrum and hence also on the current. However, as the interface barriers are
increased the bound states are pinned to the Breit-Wiegner resonances. Accordingly
there is a fast length dependence of the current, with periodic resonant peaks on the
length scale of the Fermi wavelength, see Fig. 3.5. The effect on the anomalous current
is similar to the regular current with a strong length dependence on the scale r 6 . In
resonance, the amplitude of the anomalous current is of the order, @B!V8{Ô F
¹
Ö Ô , and
out of resonance, @7!s8Ô ÒF
¹
Ö Ô .
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Figure 3.5: Left: The Andreev levels (solid) and the normal electron and hole resonances (dot-
ted) as functions of the length ª of the junction. We consider a junction with four Andreev
states in (a) the weak resonance limit t Fvu ¬ , (b) the strong resonance limit t Fvw ¬ . Right:
Current peaks due to Breit-Wiegner resonances in a three terminal device junction with inter-
face barriers. The plot shows a short segment of the length dependence of the current. The
junction is long ªx1 ®­¯ , with t F #£¥zy , °{#¤£¥£¬ and %|#}')(ﬂ. . ± Fig. 12 (left) and Fig. 13
(right) in Paper I²
3.2 SNS-INTERFEROMETERS; PAPERS II AND III
In 1997 Kutchinsky et al. found phase dependent current structures in the subgapregion of the IV-characteristics of their SNS-interferometer [52–55]. The effect was
small, a natural consequence of the diffusive nature of the normal region, but neverthe-
less clear and reproducible.
Encouraged by these experiments, we consider a simplified SNS-interferometer
where the normal region is an Y-shaped single channel wave guide. The design is
similar to the three terminal device which was discussed in the previous section, but
in this case the injection electrode is also superconducting. Since we apply a volt-
age to the injection electrode ³)~ , MAR is the mechanism of current transport through
the interferometer. Moreover, since the two electrodes,
³
Í and
³
Ò , can have a finite
phase difference, we expect phase dependent MAR and effects of quasi bound An-
dreev states.
We use a similar scattering matrix as for the NS-interferometer, Eq. (3.1), assuming
that injected particles scatter in both directions in the SNS junction with equal proba-
bility. Note however that the numbering of the leads now is changed to be in line with
the formalism in Paper III,
³L´ µ
·
¸
¾ ¿
¹ 
¿ ¾
¹ 
¹  ¹ 
¾
¯
À
Á
Â
Ã (3.2)
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Figure 3.6: Schematic picture of the SNS interferometer, where the normal region is a Y-
shaped waveguide. ± Fig. 1 in Paper III²
where

is the coupling parameter, and the scattering matrix obeys the unitarity con-
ditions, ÖNÏ>Ô
´
ºﬁ»

, and
º
´
Õ
¾
¯
Õ
Ò
Ï
¼

.
In order to employ the MAR approach, discussed on page 22, we perform a unitary
transformation of the scattering amplitudes in the normal region, which allows us to
treat the interferometer as an effective two terminal junction. The scattering in the
normal region is then determined by an effective transfer matrix with transparency
¼

.
The scattering at the right NS interface is usual Andreev reflection while the scattering
at the left interface is given by the effective transfer matrix,
Ł
O
Ø
R
´
KaW
m
YﬃO
:
R
G7I[KT
Ò

Ý"77
ÏN
O
N
Ý77 »Ñº
R
Ú
¼
9
KaWY
Ò
Ø
¼
Ã (3.3)
where 
´
jVlnmd
O
¾Æ»¿
R
¾
¯ . Here we have omitted the source term, for incoming
electron-like and hole-like quasiparticles from the reservoir, which is however straight-
forward to derive in the same manner. The reflection consists of both Andreev- and
normal reflection, depending on the phase difference, the probability of Andreev re-
flection of which is given by the matrix element
Õ
O
Ł
R
ÍÍ
Õ

Ò
8
GJILK
Ò

Ò
, which is indeed
zero at Ø
´wß
. The transfer matrix
Ł
O
Ø
R also contains information about the quasi-
bound Andreev states in the interferometer.
Using the scattering approach to MAR we can then calculate the IV-characteristics
of the SNS interferometer. Analytical solutions can be found in the weak coupling
limit,

Þ º
, but for general transparency we rely on numerical simulations. We
restrict the analysis to short interferometers, Ì

Þ
9$¯ (
P
´
º
Ã
¼
Ã ), where the current
structures become less complicated and easier to interpret.
Fig. 3.7 shows the typical IV-characteristics for a short SNS interferometer with
low transparency

Þ º
. At zero phase difference we recognize the current-voltage
characteristics of the quantum point contact [34,35], with subharmonic gap structures.
Increasing the phase difference, we find large current structures in the subgap region,
with amplitudes proportional to the first power of the transparency

. We recognize
two significant current peaks in the low voltage region, which both are related to the
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Figure 3.7: Left: Current voltage characteristics of the SNS-interferometer with . ¢Ý# £¥£"Þ ,
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9 (right) in Paper III²
Andreev spectrum: at
Ý
Ùíì
Ú
Ï
:
! and at
Ý
Ùíì
:
! . Further we notice that the
current structures disappear at Ø
´ ß
in a way similar to the subgap current in the NS
interferometer, Fig. 3.2.
For junctions with finite length, e.g. Ìî>g9$¯ , the current-voltage characteristic is
different and generally more complicated, with a rich subgap structure of resonant
peaks, due to the increased number of resonances. Nevertheless, it is still possible
to attribute some of the current structures to the quasibound Andreev states in the
junction. The phase dependence of these structures due to interference of Andreev
reflected particles remains, being most pronounced if ÌÎÍ
´
ÌÓÒ .
Another problem, which is not addressed in this thesis, is the nonequilibrium
Josephson current in the SNS-interferometer. This is an interesting direction for fu-
ture work on the SNS interferometer.
Resonance approximation
A perturbative analysis of the i -particle currents is possible if the coupling to the in-
jection electrode is weak,

Þ º
. If we first consider the single particle current, i.e.
quasiparticle tunneling, we find an expression in the weak-coupling limit that resem-
bles the standard form of tunnel current,
@6Í
´
UOÝ

b ïð
ð

Dñ
¿
:óòõô
O
:
R
òõö
O
:
Ï
Ý
Ù
R
Ã (3.4)
where
ò
O
:
R determines the effective superconducting density of states in the elec-
trodes.
ò
ô
O
:
R
´
Õ
:
Õ
¹
:
Ò
»NÚ
Ò
:
Ò
»
:
Ò
!
O
Ø
R
Ã
ò
ö
´
Õ
:
Õ
¹
:
Ò
»NÚ
Ò
Ã (3.5)
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The form of
ò
ö
O
:
R is well known from the BCS theory, but the effective density of
states at the double-NS interface is phase dependent and the usual peaks at the gap
edges vanish at nonzero phase difference. Instead, Andreev states develop in the gap,
see Fig. 3.9. The result is a phase dependent onset of the single particle current at
57698':<;'=
, see Fig. 3.8a.
The two-particle current is dominated by the two processes with one resonant An-
dreev reflection at the left SN interface, see Fig. 3.8b. The current from these reso-
nances can be written on a Breit-Wiegner form,
>@?A6
U
=
b ï
ð
ð

?CB
ñ
DFEHG IKJLI

O
EMGONPERQ
R
?TSVU
IKJ
S
I

W
?
;YXTZ
(3.6)
where the width of the resonance is given by
IK[
6V\^]
[
òõö
U
E_Qa`
=b5
W
Z
]
[
6dc
8fehg
:
?
NPE
?
Qikj
]mln:
?
E_Q op)q
?sr
8utwv (3.7)
The effective transparency of the Y-shaped normal region lies in the interval, xzy
\n]
[
y
\
j
]
, and it is different for electrons and holes (incoming and Andreev
reflected particles). Moreover, the interference due to the reflection by the double-NS
interface appears as the factor ] J ]|{P}~@ o
?
U
r
;8
W
and kills the two-particle current
at r
6 
. Evaluation of the integral in Eq. (3.6) yields a resonant current, >?6
U
Xw=;	

W
IKJLI
{
;
IKJ
S
I
{

, which is of the order \ for =b5Ł:
S
E_Q
. The overshoot
near
=b56k:
S
ERQ
appears due to the increased density of states near the gap in the
right electrode, see Fig. 3.9.
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The current peak at
=57Ï
E_Q
emerges due to resonant 4-particle current, where two
Andreev reflections at the left electrode occur at the resonant energies
EMG
6
NÐE_Q
and
EÒÑ
6
E_Q
, see Fig. 3.8d. Near the current peak, =YÓÅ5k6Â=b5
NVE_QÐÔ
:
, the 4-particle
current is dominated by the double resonance and can be written as
>ÖÕR6
=
Ø×<Ù
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Ù
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ÚwÛ
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(3.8)
where
I
Ú
6Þ\n]
J
Z
Û
I
{
6V\^]
{uß^à
U
8
ERQ
W
v (3.9)
The fully developed resonance yields a full-scale current structure, }7\ , which exists
within the voltage interval,
:<;b8Êáâ=5ãáä:
, and the phase interval, x á oCpåq
?
r
á
æ
;çXw]
.
Finally, we will discuss the IV-characteristics for large voltages, =b5éè : . We
know from the work in Ref. [34–37] that the excess current in superconducting con-
strictions is of the order \
?
. The situation in the SNS interferometer is different, for
nonzero phase difference, mainly due to the interference effect in the junction. This
interference effect suppresses the current at r
69
and yields a negative excess current
of the order \ .
We calculate this negative excess current in the weak coupling limit, neglecting
terms of order \
?
. The single particle current at high voltages consists of an Ohmic
part and a negative phase dependent part,
>
G
6
XÅ\^=
?
5

S
>
Gê ëíìïî
Z
>
Gê ëíìïî
6
N
=ç\M:
j
]


op)q
U
r
;b8
W

SPðñU
\
?
W
Z
(3.10)
The current from Andreev transport, i.e. the two particle current given by Eq. (3.6),
depends strongly on the phase difference and vanishes for r 6ò . Thus, although the
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two particle current is resonant for nonzero phase difference it cannot compensate the
reduced single particle current at r 6ò . The phase dependent current oscillations at
large voltages are given by the non-Ohmic part of the single particle current, Eq. (3.10),
plus the contribution from the resonant two particle current, Eq. (3.6),
>
ëì¬î
6
N
=Y\M:
j
]ñl


oCp)q
U
r
;8
W

Ñ
E
?
Q
U
r
W
SPðñU
\
?
W
v (3.11)
This negative excess current at r
6
is of the order of the junction transparency \ ,
which is unusual if we compare to two terminal ScS-junctions where the excess current
is small
}ó\
?
and positive. The excess current in Eq. (3.11) is plotted as a function of
the phase difference in Fig. 3.9.
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CHAPTER 4
SLOW DYNAMICS OF THE ANDREEV STATES
This chapter aims to give an insight into the slow dynamics of the Andreev states in
a nearly transparent quantum point contact in a superconducting ring, and to explain
the results discussed in Paper IV. Furthermore, the results in Paper IV are generalized
to take into account the phase fluctuations, which are associated with the SQUID-
geometry, using the results of Ref. [77].
4.1 THE ANDREEV LEVEL QUBIT; PAPER IV
Consider a nearly transparent, l Ô c , quantum point contact in a non-hystereticSQUID geometry, EÒô è õ , where EÒô 6 Uö Úø÷bù  W ? ÷	ú . The setup is shown
schematically in Fig. 2.1. The device is biased with a constant external flux
ö
BAÏ
ö
Úø÷ù
,
when the Andreev levels are close to the Fermi level,
E
Q
U
r
B
W
Ï
j
lûõ
Ô
õ
. It has
been shown experimentally that the transparency of a single channel point contact can
be as good as lüÏ xwvýx c [45].
The Hamiltonian for the point contact and the superconducting ring is given by
Eq. (2.30), including the potential term related to the superconducting ring, see Eq. (2.21),
þ
ßä6
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(4.1)
where

 and

 are given by Eq. (2.27) and Eq. (2.28), respectively.
Using the gauge transformation,  ﬁﬀ

ﬀﬃﬂ 
{

!

 , we can separate the harmonic
oscillator Hamiltonian,
ß#"$ %&$
, of the effective LC-circuit from the Hamiltonian, ß(' , of
the point contact,
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Since we consider the non-hysteretic regime of the device
EÒô
è
E*)
}òõ
the ampli-
tude of the zero point fluctuations of the induced flux are small, c è Ûr 6 r
N
r
B
, and
we can expand the Hamiltonian in Ûr ,
þ
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Generally the same expansion can be used for small time dependent variations of the
external flux, such as an applied rf-signal. The constant term, ß
Q
, in Eq. (4.3) is the
two-level Hamiltonian of the unperturbed Andreev levels, which we refer to as the
Andreev state Hamiltonian. The linear response to fluctuations of the flux Ûr is given
by the current operator, Eq. (2.32). We can write the Andreev state Hamiltonian, ß Q ,
on a more convenient form, in the eigen basis of the current operator,
þ
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r
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W
69õ
Ü
~ø
o
r
B
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	/
S
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o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ù
	

Ý (4.4)
The current operator is hence diagonal,
þ
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where
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B
W
6
U

] õ
÷


W
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U
r
÷bù
W
.
The influence of the LC-circuit on the dynamics of the two-level system can be
calculated analytically if the level splitting of the harmonic oscillator is large, 
1
'|è
E_Q
U
r
B
W
, where

1
'<6
j
ù
E*2LEAô
and
E32
6
U
ù
W
?
÷bù 
. In this case the two Andreev
levels are well separated from higher energy levels, including the continuum of states
outside the gap,
E_Q
}
j
lMõ
Ô
õ
. Without any approximation, we can rewrite the
full Hamiltonian as
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where the displacement is, Ûr Ú 6 >
Q


÷bù
E
ô
, and a constant energy term has been
omitted. Thus, we have two identical but displaced harmonic oscillators, each having
the energy spectrum
E54
6Â
61
'
U87 S
c
÷bù
W
and the wave functions It is straightforward
to show that there are no transitions between different states in a single well and that
the inter-well transitions are proportional to
U
õ
j
l
÷

1
'
W

4:9
, where

4:9
is the matrix
element between levels
7
and ; in different oscillators. Thus, if 
1
'ñè õ
j
l
, and
<>=
\
Ô
ù
ERQ
, we can assume that only the ground states of the two oscillators are
occupied. Under this assumption, it is straightforward to average over the plasma
oscillations to get a Hamiltonian for the slow fluctuations between the average current
states, having opposite directions in the ring. The resulting two-level Hamiltonian
resembles the Andreev state Hamiltonian, but has renormalized non-diagonal terms
[77],
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where

ÚCÚ
6@?
D
Û
r#A
Ú
ê
{
G
A
Ú
ê G
is the wavefunction overlap of the ground states of the
harmonic oscillators,
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The current operator is however unaffected. Nevertheless, the average current in the
junction is changed by the interaction with the LC-circuit. In equilibrium this average
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Figure 4.1: Schematic picture of the two harmonic oscillators, for the different current states
of the point contact. The coupling is proportional to the overlap.
Josephson current is,
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where the renormalized spectrum of the Andreev states is given by,
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The change of the spectrum and the average current can be interpreted as the effect
of the inert ring, which slows down the dynamics. Consider the situation

ÚÚ
Ï
c ,
which corresponds to 
1
'
è
UEN>O
?P
W
?
>
?
Q
÷
E
ô
} õ
?
÷
E
ô
. This case corresponds to a
small capacitance   , i.e. a small particle mass in the mechanical analog of the circuit.
Accordingly, it is easy for the qubit to switch the direction of the current and the
dynamics of the qubit is almost unaffected by the LC-circuit. The situation is the
opposite if the capacitance is large. The current states become non-fluctuating; the
backscattering by the contact is suppressed.
If we combine the requirements we have used in the derivation, we can write the
“working conditions” for the Andreev level qubit. These conditions are conveniently
concluded as a chain of inequalities:
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The average current carried by an arbitrary superposition of the Andreev states  xQ
and  c Q ,
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is straightforward to calculate by taking the average of the current operator ` RØ
þ
aÍbR
Q ,
using the current operator in Eq. (4.5). The generally time dependent current is then,
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Note that this result is different from the results presented in Paper IV where the inter-
action with the LC-circuit is not included.
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The state of the Andreev level qubit can be read out either by measuring the induced
flux or the current in the ring, using the technique based on macroscopic quantum
tunneling developed by Cottet et al. [66], see below Sec. 5.1.
Single qubit operations
The Andreev level qubit has essentially two “knobs” for quantum manipulations, the
external field and the transparency of the point contact. To set the qubit to zero (the
ground state) is the easy part: we just switch the external field to zero
Usr
Jt
ö
Ú
W
and
the Andreev states are forced out to the continuum. Hence, we can expect that quasi-
particle excitation will relax the system immediately. Then we turn the external flux
adiabatically to
ö
Úç÷ù
, with the qubit in the lower state.
The linear interaction with small variations in the external flux is given by
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d
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Z
(4.14)
which is given by the expansion in Eq. (4.3), considering the qubit Hamiltonian in the
current basis Eq. (4.7). Thus, the external field is a good method for inducing Rabi
oscillations and to perform single qubit operations. If the frequency of the applied
rf-signal is close to the resonant frequency ùw
K
v
÷


, we get Rabi oscillations with the
frequency, x
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where  is the amplitude of the applied rf-signal. Hence, the qubit can be set to any
desired superposition by applying rf-pulses with appropriate length.
An alternative way to manipulate the qubit is to switch the external flux fast on the
time scale of the qubit, 

÷ùw
K
v
. This method has both advantages and disadvantages.
The advantages are that the method is simple and instant on the qubit time scale. The
main disadvantage is that the switching not only induces transitions between the qubit
states but generally also transitions to the continuum. The following calculation does
not take into account the interaction with the loop and corresponds accordingly to

ÚCÚ
6
c .
The wave functions for the point contacts are straightforward to derive by solving
Eq. (2.59). Consider, for example, electrons and holes, with energy within the gap,
traveling to the right in the normal region, which corresponds to exponentially decay-
ing electron-like and hole-like wave functions in the right superconductor, on the form
Eq. (2.45) and with the wave vector in Eq. (2.49). The amplitudes for these states are,
T
[
6 c
j
ùzy
c
i
op {	q
U
oCp)q
r
d
W
g
c
hPlMõ
f
÷>w
f
v
Z
(4.16)
where (
S
) and ( h ) denote electrons and holes, respectively, for w}| x . Note that, we
only have to calculate the wave function in one of the electrodes since the junction is
symmetric.
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Figure 4.2: The probability to find the Andreev level qubit in the ground state (solid line) and
the excited state (dashed line) after instant switching of the phase difference .The qubit was
initially in the ground state at
È
ÁÊË ( ~ÊÁÊÃÅÄÇÃ ). The leakage to the continuum, caused by the
instant switching given by Eq. (4.20), is shown with the dotted line.  Fig. 2 in Paper IV 
The matrix elements for instant phase switching, 
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overlap of the wave functions before and after the phase is switched. If the qubit
was initially in the ground state we have,
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The probability to end up in the continuum is determined by  {
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. In contrast to the matrix elements for transitions between the Andreev levels,
this expression is rather simple and independent of l ,
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Figure 4.3: The amplitude of the excited state after an instant switching of the phase difference
from
È
to bË
È
. The qubit was initially in the ground state ( ~PÁÊÃÅÄÇÃ ). There is no leakage
to the continuum.
For switching from the working point, r d
6ó
, to some other phase the leakage to the
continuum is rather large, see Fig. 4.2. Hence, this way of manipulating the qubit is
not appropriate for coherent operations.
A more appealing situation appears if the qubit is switched symmetrically around

,
r
d

ù
Mh
r
d
. Then the leakage to the continuum states is zero, and the switching
probability is given by the simple formula, which is straightforward to derive from
Eq. (4.18),
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where  {
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f
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
f
. Using this method, it is possible to obtain any
superposition of the qubit states by a single switch of the phase. The modulus of the
amplitude for the excited state after a switch from r d to ù h r d is shown in Fig. 4.3.
When the desired superposition is obtained the qubit can be switched adiabatically
back to the working point at r d 6V .
The second way of manipulating the qubit, by controlling the transparency, is a
straightforward way to control the 	  -term in the Hamiltonian and hence the fluctu-
ations between the current states (if the transparency is switched adiabatically). It is
also possible to induce transitions by non-adiabatic variation of the transparency. The
corresponding interaction Hamiltonian is non-diagonal, ß }ãÓ l 	  (in the current
basis).
Coupling of qubits
Coupling of qubits is important, both for the applications in future quantum electron-
ics and since coupled qubits open the way to experiments with entangled qubits, for
example test of Bell-like inequalities [95].
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Figure 4.4: The double qubit device, with direct coupling of the normal regions and the corre-
sponding two-particle spectrum. The flux through the control loop can be used to control the
coupling. The parameters are À

Á À
f
Á7ÃÅÄ Æµ´ , ¶ Á7ÃÅÄ Ã and
È
f
ÁzÃÅÄÇÆbÉbË . The solid line
corresponds to coupled qubits ( È6·
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) and the dashed line corresponds to uncoupled qubits
( È Ñ
ÁÊÃ
).
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Fig. 3 in Paper IV

Perhaps, the most natural way to couple the qubits is by mutual inductance. This
yields a weak 	/ -coupling of the qubits. The slow dynamics of the qubits can be
calculated using a similar approach as for the single Andreev level qubit [96].
In Paper IV another type of coupling is suggested: direct coupling of two point
contacts in a four-terminal junction. The setup is appealing since the flux through the
control loop (see Fig. 4.4), which determines the relative phase difference between the
two qubit rings, offers an extra knob, which can be used to control the coupling.
The derivation of the Andreev spectrum of the four-terminal junction is rather
straightforward. We employ a simple scattering matrix for the four-terminal contact,
¸
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Then we proceed in the same manner as in the case of the SNS interferometer and de-
fine new scattering amplitudes at both sides, by employing the unitary transformation
which was used to reduce the SNS interferometer to an effective 2-terminal junction,
see Sec. 3.2. This yields an effective two-terminal SNS junction with transfer matrices
similar to Eq. (3.3) describing the scattering at both the effective SN interfaces, and an
effective impurity with transparency ù
¾
in between. Then we can follow the approach
of Sec. 2.2 to calculate the spectrum. However, this new system is more complicated
due to the normal scattering at the effective SN interfaces, which yields a 4 by 4 lin-
ear equation system for the scattering amplitudes. To find the spectrum we have to
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calculate the determinant of this 4 by 4 matrix. The resulting spectrum is,
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. Although this spectrum looks rather
complicated, it is straightforward to see that Eq. (4.23) yields the ordinary spectrum of
two uncoupled qubits, w f 6 õ f h  f

, when
¾
 x . The spectrum of the double qubit
is shown in Fig. 4.4, which also shows the possibility to switch off the hybridization
of the levels using the control flux
ö
·
, provided that the two qubits have the same
transparency,
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. Moreover, if the two qubits are weakly coupled we can expand
Eq. (4.23) in
¾
, which yields the simplified spectrum,
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. The role of the control
flux is clear from Eq. (4.24); the hybridization vanishes at r · 6 x .
The theory presented above does not include any interaction with fluctuating fluxes
in the rings. This interaction, which will be the subject of a future work, will remove
the symmetry of the spectrum given by Eq. (4.23), which will make control-NOT op-
erations possible to perform.
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CHAPTER 5
READOUT OF PERSISTENT CURRENT QUBITS
In this chapter I discuss recent results on readout of macroscopic qubits where thetwo-level system couples to the current in a superconducting ring, such as the An-
dreev level qubit. The work is done in collaboration with V. Shumeiko, A. Zazunov,
G. Johansson and G. Wendin.
5.1 READOUT USING MACROSCOPIC QUANTUM TUNNELING
We consider a persistent current qubit, i.e. a phase qubit or a charge qubit wherethe states of the two-level system couples to the current in a superconducting
ring. The model we use is relevant for flux qubits, like Leggett’s rf-SQUID [58, 60],
the flux qubit by Mooij et al. [67], and the Andreev level qubit, but also for the more
recent charge-phase qubit by Cottet et al. [66].
We consider a readout device consisting of a large Josephson junction, which is
inserted in the superconducting ring of the qubit. This readout technique was suggested
by Cottet et al. [66] and has recently been experimentally tested by Vion et al. [69].
The Meter (the large Josephson junction) is also connected to a stable current generator
and an accurate voltmeter, see Fig. 5.1. We require that the critical current in the Meter
is large compared to the circulating current in the ring, in order to minimize the back
action, w
)
9
è
w
)
, where w
)
9
is the Josephson energy of the Meter and w
)
the
effective Josephson energy of the qubit.
The readout scheme is the following: the measurement is performed by increasing
the bias current aÒ adiabatically to a peak value near the critical current a ·
9
of the Meter
for a finite time Ó , which yields a significant probability for Macroscopic quantum
tunneling (MQT). Since the MQT-rate depends on the total current through the Meter,
aÒ

a
, it will also depend on the sign and the amplitude of the current in the ring,
a
. For the ideal meter the MQT-rates, corresponding to the two qubit states, are very
different. We may then chose the time Ó such that one state is stable with certainty,
while the other state decays with high probability during the time Ó . A signal on the
voltmeter, due to an MQT-event, tells us that the qubit was in the unstable state. If no
signal appeared on the voltmeter, during the time current bias was turned on, the qubit
was in the stable state. In both cases, coherence is lost and we know the state of the
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Figure 5.1: Schematic picture of the qubit, here an rf-SQUID, and the Meter. The current
supply to the Meter are constructed to avoid induced flux in the SQUID-ring by the bias current.
qubit.
We consider a generalized model for the persistent current qubit and the Meter,
schematically shown in Fig. 5.1. The device consist of a qubit branch and a Meter
branch connected via the inductance ú . The qubit branch consists of the Josephson
junction(s) or the point contact of the qubit. The phase drop over the Meter is

and
the phase drop over the qubit branch is Ô . The flux dependence of the qubit phase Ô
is given by the equation
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d is the
external flux.
To describe the circuit we employ the technique of branch fluxes, see e.g. [97]. We
can write the Lagrangian of the device as
ú
6
ú


Ô

h
w
ô
ù

Ô
h

h
Ô
d

f

e
ö
Ú
ù

q
f
 
9
ùÖÕ

f

w
)
9Ï×
~øØ


a
Ò
a
·
9
/Ù
 (5.1)
where ú
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 is the Lagrangian of the junctions in the qubit branch,   9 is the capac-
itance of the Meter and w ô 6
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. It is straightforward to proceed with the
Legendre transformation to achieve the full Hamiltonian, which is quantized in the
usual way, using the dynamical variables,
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the Meter, and Ô d

6
Ô
d


Ú determines the effective external flux seen by the qubit
branch.
If we separate the terms depending on ÛÔ , which yields the qubit Hamiltonian
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-dependent terms of the Meter we get,
þ
ßä6
þ
ß0

Û
Ô


þ
ß


þ
ß
9

Û

& (5.2)
where
þ
ß
9
6

fÜ

ù 
9
ÞÝ
9
ù
Û

f
Ã
h
ù
Û

æ

Ò


w
ô
ù
Û

f (5.3)
þ
ß

6 h
w
ô
Û
Ô
Û

6ch
ö
Ú
ù

þ
aß
Û

 (5.4)
46
Chap. 5: Readout of persistent current qubits
where
Ý
9 6
w
) 9
Ð
Ã
ha
f
Ò
÷
a
f
·
9
,

Ò 6
ù
Ð
a
f
·
9
÷
a
f
Ò
h
Ã
,

Ü

6Ìh

ù
+
Ü

and

6àh

ù
+
Ü

.
The operator for the current in the ring is
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. In Eq. (5.3) we have
expanded the Hamiltonian of the Meter around
Û

6
x , in the usual way for calculation
of MQT-rates [98]. The expansion in the parameter
Û
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is valid if the Josephson energy
of the Meter is large w
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, which
ensure the ground state is localized although a Ò 6 x . Provided that w
) 9 è
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we can
treat the fluctuations of the Meter as a small perturbation to the qubit.
In Appendix B the reduced two-level Hamiltonian for the rf-SQUID is derived,
Eq. (B.7), and the reduced current operator, Eq. (B.8). The derivation of the two-level
Hamiltonian, Eq. (C.6), as well as the current operator, Eq. (C.7), for the charge-phase
qubit developed by Cottet et al. [66] is found in Appendix C. Finally, the current
operator, Eq. (4.5), and the Hamiltonian, Eq. (4.7), for the Andreev level qubit are
presented in Chapter 4. The Andreev qubit Hamiltonian including the Meter branch is
obtained by replacing the external flux Ô d with the effective external flux Ô d

6
Ô
d


Ú
,
in Eq. (4.7). Note that, for the two-level system the reduced current operators
þ
aß
and
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a
,
Eq. (4.5), are identical. Generally, we use the conventional spin representation for the
qubit Hamiltonian,
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which is written in the eigenbasis of the reduced current operator,
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.
Slow dynamics of the qubit and the Meter
If we consider the regime, a Ò
Ô
a
·
9
, where the rate of MQT is negligible, the Hamil-
tonian for the system of the qubit and the Meter can be reduced to a simple two-level
form.
In the case
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6åä
, the two states of the qubit Hamiltonian correspond to two
displaced identical harmonic oscillators, where the displacement is given by
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where
á
|RÚ denotes the average over zero point fluctuations and Ñ denotes the state of
the qubit. This displacement is the Pointer in the Meter.
If the plasma frequency of the Meter is large, ç
è1
9
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w
0Ð6
Ð
è
f

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f
 , the wave
functions of the harmonic oscillators can be approximated with the ground state wave
functions, and we can integrate out the
Û

-degree of freedom using the same method as
in Sec. 4.1 [77]. We arrive at the effective two-level Hamiltonian,
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This renormalization of the qubit dynamics depends on which qubit we consider. The
rf-SQUID characteristics obey the condistins (see Appendix B), ì*í:î,ï ìñðòï çèóõô ,
and ì3í÷öøì5ð . Hence, ù:ú\ú is not necessarily close to unity. The Andreev level qubit
is in a similar situation, since ì3íöüû ï ç
èó
î . The situation is different for the
charge-phase qubit [66] (see Appendix C): for this qubit we have both ì3íîýï ì3í and
ç
èó
îï ì3í , which ensures that ù:ú\ú is always close to unity, and the renormalization is
not important.
The measurement
Our aim is to read out the information about the state of the qubit as fast and as accurate
as possible. This process includes necessarily two steps, associated with the time þáß for
the ramping of the bias current and the time þ when the bias current is kept constant at
the peak value. Preferably, the ramping time þ&ß should be short compared to the inverse
MQT-rate of the unstable state. The lower limit is set by the adiabatic approximation
regarding the Meter, which requires þ&ß3ï  
ó
î . The switching-on of the Meter shifts
the effective external flux away from the working point to a point at 
6
	
ú .
This readout point can be adjusted by changing the external flux at the same time as
the current bias.
Consider the system when   ä . Up to an unimportant constant energy term
Eq. (5.2) can be rewritten as
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1 , and the displacement, 6Éú";   ,
is given by Eq. (5.6). Although the potential of the Meter is no longer harmonic we
assume that the harmonic approximation is still valid for the lowest energy levels.
There is however a finite rate for MQT even for the lowest levels, which is different
for the two qubit states due to the displacement.
Assuming zero temperature the MQT rates for the qubit states are given by the
standard expression [98], <
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To achieve a good signal-to-noise ratio of the readout we require that
<

ï
<JW
 
<
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(5.12)
where
<
ß is the relaxation rate of the qubit due to interaction with the environment.
Hence, the bias current should be ramped to a peak value where the MQT-rate for
the “unstable” state is much larger than the relaxation rate, but not so high that the
probability for the “stable” state to tunnel gets significant during the time þ . Since the
dependence of the action B ! in Eq. (5.11) is dominated by the exponential factor, we
can estimate the ratio between the MQT rates,
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00.00, Swedish time, south of el Calafate in Argentina, Jan 1 2000. We have had ourthird flat tire on our little Hunday-bus, and the jack is still too small. The road is
straight, of doubtable quality and continues to the horizon where the Patagonian sky
meets the desert-like southern pampas.
00.30, local time, in el Calafate. The new millennium was celebrated with cham-
pagne from Chile and fireworks; PJ re-ignited the grill using a bottle of camping fuel.
He survived. Now, we are strolling around in el Calafate. El Calafate is a small yet
rather strange city, located on the flatland east of the Andes on the shore of lake Ar-
gento. There are more flamingos than people in this part of the world. Nevertheless,
an increasing number of tourists spend one or two nights on some of the towns dry
campings, waiting for the bus to the famous national park los Glaciares in the Andes
some 80 km to the west. Other people, like us, are repairing their flat tires. Everything
is expensive, and there is no real bank.
The first hour of the new millennium is rather quiet. Suddenly a line of honking
cars appears. This is apparently Calafates official millennium party. The first car is a
pick-up where the basket of a hot air balloon has been mounted on the board. A drunk
and happy pilot is standing in the basket, firing yellow bursts from the four burners.
Like a carnival without dancers the line of dirty cars drives slowly back and forth on
the main street.
50
ACKNOWLEDGMENTS
Nu a¨r det dags att fo¨r mig tacka alla er som har hja¨lpt mig att go¨ra denna avhandling mo¨jlig.
Fo¨rst vill jag tacka min handledare Vitaly Shumeiko fo¨r allt sto¨d och all hja¨lp under mina a˚r
som doktorand, och fo¨r alla intressanta diskussioner.
Alex Zazunov and Katya Bratus’, I thank especially for being great inspiring cooperators during
two of the projects. There are many aspects of the Ukrainian style of physics. Its only rock’n
roll, but I like it!
Vidare ga˚r min tacksamhet till Go¨ran Wendin, professor i va˚r grupp, fo¨r hja¨lp och support.
Stort tack ocksa˚ till mina doktorandkollegor, fo¨r ert trevliga sa¨llskap, alla intressanta fysikdiskus-
sioner, alla intressanta diskussioner om annat ha¨r i va¨rlden, och all kaka: A˚ke Ingerman, Go¨ran
Johansson, Peter Samuelsson, Thomas Lo¨fvander, Andreas Ka¨ck, Ingela Malmberg, Anton
Grigoriev and Jonas Sko¨ldberd. Fo¨rla˚t, Go¨ran, Peter och Thomas, ni a¨r ju inte doktorander
la¨ngre, utan doktorer, fast ni hamnar a¨nda˚ i samma lista. Pa˚ det hela taget har mina fem a˚r som
doktorand varit en intressant och trevlig erfarenhet. Jag har vuxit som fysiker, ma¨nniska och
alpinist.
Ho¨ll na¨stan pa˚ att glo¨mma bort att tacka dig Veronika. Jag lovar att fixa ringproblemet nu na¨r
jag har mer tid!
Go¨teborg, March 2002, Jonn Lantz
51
APPENDIX A
THE HUBBARD-STRATONOVICH PROCEDURE
The Hubbard-Stratonovich procedure is an analytical method of rewriting the effective ac-tion of a physical system, using functional integrals [73, 76]. A good introduction to func-
tional integration can be found in [99], which also includes an introduction to Grassman fields
and the integration rules for Grassman fields. In fact, the anti-commutating rules for Grassman
fields makes functional integration very easy.
One of the most important properties of functional integrals is the invariance with respect
to shifts of the integration variable,
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Since
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for any Grassman variable, functions of Grassman numbers can be Taylor-
expanded to first order, without any approximation made. Hence, all integrations will be sim-
ple. The ordinary integral over a Grassman number is defined as
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where
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and

are the first Taylor coefficients of the function
JŁbd
. It is easy to show that
this definition yields the desired invariance to shifts of the integration variable. Moreover, to
handle products of integrals a sign convention is nessecary,
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, performing
the innermost integral first.
The functional integral over an action which depends on a Grassman field is evaluated by
replacing the  -integral with a finite sum over a large number of intervals, m , after which each
term in the sum can be evaluated separately.
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where
£
is an operator with the eigenvalues


. The diagonalization of the operator
£
can
be made since the functional integral is invariant to unitary transformations of the fields. The
normalization constant, containing the product of the  -intervals, is unimportant and omitted.
The validity of the Hubbard Stratonovich procedure is a direct consequence of the invari-
ance Eq. (A.1). The field transformation allows us to introduce new fields and decouple others,
which is very useful. The procedure to decouple two Grassman fields
b
and ¤ is
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APPENDIX B
TWO-LEVEL HAMILTONIAN OF THE HYSTERETIC RF-SQUID
In this appendix I present a derivation of the reduced two-level Hamiltonian of the rf-SQUID,near the degeneracy point ª  y¬« . The parameters are defined in line with the analysis
in Sec. 5.1 and Fig. 5.1, with a single Josephson junction associated with the qubit branch.
With appropriate parameters; ­5í®¯­ ð and °±³²´°iú8µ¶ , the effective potential takes the
form of a double well, as shown in Fig. B.1.1. The Hamiltonian of the rf-SQUID is obtained
∼φ ∼φ
ωh p
0
0
Eq
φ 20 φ1
U
φ2φ1
2∆
U
Figure B.1: Schematic pictures of the potential of the rf-SQUID for ­5í$µ­ ð·²¸¶ and with
ª¹²

º

«
(left) and the model potential (right). The plasma frequency is assumed large
compared to the level splitting ¶P»e¼ of the two-level system.
form Eq. (5.1), by replacing the qubit branch with one Josephson junction and its effective
capacitance ½ , ¾
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. The minima of the double well potential are given by
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Accordingly, we define
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In order to make the potential in Eq. (B.1) easier to handle we replace it with a model potential
defined by
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and the mean depth, compared to ¼
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Note that ¼mú|®Í­ ðﬀ®Í­ñí . We consider the case ¼WúÔ´Õ
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ô
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, when the
harmonic approximation is valid for the lowest energy levels in each well.
A well defined two-level system is obtained near the degeneracy point, ª
yÛ«
, required
that Õ
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µP¶³Ô ­HQ , where ¶P­Q is the minigap of the two-level system. If we restrict to zero
temperature and the ground state in each harmonic oscillator, we can write the state of the
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We can then write the equation for the two-level system on the more convenient form, to leading
order in
ãx
Ü
¶
ß
and »e¼ ,
É
Õ
Ö
á

y

»e¼
à
Ö
ﬁ
É
Õ
Ö
á

y

Ö
ﬁ
Ã

»e¼

(B.7)
This equation can be mapped on Eq. (5.5), where Ö 
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We can summarize the necessary inequalities as:
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APPENDIX C
THE CHARGE-PHASE QUBIT
In this appendix I present a derivation of the reduced Hamiltonian for the qubit used by Vionet al. [66, 69], formally referred to as the charge-phase qubit. The design is similar to the rf-
SQUID but the device is operated in the regime ­ ð Ôó­ í . The qubit is modeled by replacing
Cg
Vg
φ
2
φ
1
φ
Island
L
Meter
Figure C.1: Schematic picture of the achieve elements in the charge-phase qubit. The

Ã

-pole
of the battery, ô)õ , is assumed to be contacted to the point ªµP¶ .
the qubit branch in Fig. 5.1 with two Josephson junctions, with (the same) Josephson energy
­5í and capacitance ½ . Hence, ª
y
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. Moreover, the small island which is created
between the junctions is coupled to a voltage source, via a weak capacitance ½gõ
Ò
½ . We
assume that the (
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where ½9þ
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The full Hamiltonian is intractable, but we note that the limit, ­ ðÔ ­HÚ , yields a weak
coupling of the loop and the island. We can then estimate the level splitting by calculating the
spectrum for the free island,
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The minimum level splitting for the two lowest levels is found at the degeneracy point, À ²
f
,
where the gap is of the order ¶­HQe® Ó ­ñí Ä8ÅÆ
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. The distance to the third level is of
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for qubit operations. Under these
assumptions we can restrict the analysis to the 2 lowest levels. Using the basis
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The Hamiltonian in Eq. (C.5) describes a two-level system coupled to a harmonic oscillator.
Hence, we can reduce the Hamiltonian to the two-level form by averaging over
Ç
ª , using the
same arguments as in Sec. 4.1, provided that the plasma frequency is large, Õ
Öd×
ô
Ôñ­5í , where
Õ
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ô
yYÙ
¶­HÚ­ ð . However, it is straightforward to show that this effect is small and that the
two-level dynamics is determined by the Hamiltonian [66],
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The current operator averaged over the fluctuations of the harmonic oscillators is,
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where
ã$Ç
ª
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!
is the average induced flux of the two qubit states.
The assumptions made for the charge-phase qubit can be written as a chain of inequalities,
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where
×
î is the plasma frequency of the Meter.
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Coherent processes in superconducting quantum interferometers and qubits
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ABSTRACT
In this thesis we present theoretical investigations of the effects of Andreev bound states on the current
transport in superconducting interferometers. We also investigate the slow dynamics of the Andreev
states in a superconducting point contact, and the possible application as a quantum bit.
We consider superconductor-normal metal-superconductor (SNS) and normal metal- superconduc-
tor (NS) interferometers, where the contact region is a Y-shaped normal metal wave guide, and the two
connection points to the same superconducting electrode can have different phases. The electric current
in the interferometer is calculated as a function of the applied voltage and the phase difference 	 . An-
dreev reflection in SNS and NS interferometers incorporates two features: interference in the arms of
the Y-shaped normal region, and interplay with Andreev resonances. The latter feature yields rich phase
dependent current structures in the subgap voltage region. The interference effect leads to a suppression
of the current structures at 	
 .
We investigate the effects on the Josephson current in NS interferometers due to current injection
from the normal electrode. The two main effects of the nonequilibrium situation are: nonequilibrium
population of the Andreev levels, which can result in enhancement, suppression, or even sign reversal of
the Josephson current, and an anomalous interference Josephson effect, which gives rise to a long range
Josephson effect, increasing with the voltage  up to the superconducting gap  .
The two Andreev states in a superconducting quantum point contact can be accessed for manipu-
lation and measurement by embedding the point contact in a superconducting loop. We calculate an
effective Hamiltonian for the slow dynamics of the Andreev two-level system in the ring. Furthermore,
we discuss methods of manipulation of the Andreev levels, and coupling of qubits. The state of the An-
dreev two-level system can be read out by monitoring the macroscopic quantum tunneling in a current
biased Josephson junction, which is embedded in the superconducting ring of the qubit. We discuss the
effects on the qubit, the readout scheme and the signal-to-noise ratio.
Errata, Coherent processes in..., by J. Lantz, 2002
Page iii: Paper III is now published in Phys. Rev. B 65 134523.
Page iii, Paper IV: the year should be 2002.
Page 12, Eq. 2.14: 	 should be 	 in both equations.
Page 13, Eq. 2.24:  should be  .
Page 14, below Eq. 2.30: ﬀ should be ﬁﬂ .
Page 23, Eq. 2.63: ﬃ ﬀ!#" $&%(') should be ﬃ ﬀ!#" $*%,+-) .
Page 26, Citation [82] should be to M. Bu¨ttiker, Phys. Rev. Lett. 57, 1761 (1986):
Page 27, Fig. 3.3: ./%0	213) should be ./%0	2) .
Page 37, Eq. 4.3: 4 
465
7 should be
4/5
7
4

.
Page 40, above Eq. 4.15: “Rabi frequency” refers to the frequency of the Rabi oscillations.
Page 43, the text of Fig. 4.4: 	8 should be 	9 .
Page 47, line 13: the reference to “beginning of this chapter” should be “Chapter 4”.
Page 50, the first sentence: The time should be 23.59, Dec. 31 1999 instead of 00.00, Dec 31. :)
